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INTRODUCTION 
T.0. * 


. Literal ALGEBRA. 


'ITERAL ALGEBRA is the Sci- 
| ence of Quantities, the end of which 


is the Solution of Problems, and the 
Diſcovery of Theorems,” contain'd in 
thoſe Problems. It is calld Literal, to diſtin- 
guiſh it from Numerical. It goes alſo by the 
Name of The Analyrick Art, and Univerſal Mie 
thematicks, ' | | I 
Quantities (whether they be Numbers. or 
Magnitudes) are diſtinguiſh d into Given and 
Song he. N | | I 
| They are both uſually denoted by certain Let- 
ters of the Alphabet, tho' different Authors have 


a different Method. 


We ſhall expreſs the Given Quantities by the 
firſt Letters of the Alphabet, 4, b, c, d, &c. and 
the Soughe by the laſt, x, y, . We uſe the 
little Letters, becauſe they are made with great- 
er eaſe, and prevent — whereas the 


Capital 


2 Introduction. 


Capital Letters are commonly apply'd to denote 
the Lines of Geometrical Figures. ” 

The Quantities denoted by the ſame Letters 
(for Example, « and 4; band ) in the ſame 
Queſtion, are underſtood to be of the ſame Va- 
lue and Subjet; that is, they denote the ſame 
or equal Lines or Numbers, and therefore, by 
prefixing Numbers they may be joyn'd into one; 
as 24, 3b, 4c, 34, 3b, 4c, GG. 

But thoſe which are denoted with different 
Letters, are of different Value; and are not 
joyn'd rogether, except by Multiplication, or by 
the means of the Signs - or —, the firſt ſigni- 
fies more, the ſecond 14%; one is a Note of 
Addition, and the other of Subtraction. 

Aud it is to be obſerv'd, that theſe Marks + 
and —, are always ſet before their Quantities, 
and are thereſore referr'd to the following Quan- 
tity; and the Quantities which have no Mark 

efix'd to them (as Initials) are ſuppos'd to 
have |. 

Notwithſtanding there may be an equality be- 
tween Quantities of a differeat value ; for Ex- 
ample, as 26 may be equal to 34 [as 5 Dutch 
Florins are equal to 9 Engliſh Shillings J. 

For denoting Equality (which 1s the chief 
Buſineſs of Algebra) theſe Marks are commonly 
8 or 9; as 26 = 34; that is, 20 equal to 

4 Co 
: Further; the luſtruments which Algebra makes 
uſe of for the Solution of Queſtions and Diſco- 
very of Truths, are Logiſtical Operations, and 
particularly Equations. 
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Introdattion. 
One part of Algebra is Numerical, which pro- 


Univerſal Symbols, ſuch as the Letters of the Al- 
phabet ; by which, Numbers, as well as Magni- 
tudes (as was ſaid before) are ſignified. 

Hence Algebra it ſelf is divided into Numeri- 
cal and Literal, the former of which is more An- 
cient, and the other more Modern; and, as far 
as we can find, Francis Vieta was the firſt Author 
of it ; ſince whoſe time it has not only found very 
great Improvements, but has, in a manner, been 
brought to the very height of Perfection, by the 
1. Labours of ſeveral eminent and extraordinary 
f WW Perſons. | _ 

Now the Difference betwixt the two Algebra: 
T conſiſts chiefly in this, that 1n every Problem, the 
„ WF Literal does not only find out the very thing 
- WF ſought for, as the Numerical does; but, at the 
K ſame time diſcovers a general Rule and Mode of 
0 Conſtruction, which the Numerical cannot do, 
becauſe all the Footſteps of the Proceſs are con- 
founded and loſt in it; which the Literal always 
keeps intire, that they may readily be made uſe 
i of backward again in order to Compolition. 

Literal Algebra, as well as Numerical, comes to 
be conſider'd in Quantities 1. Abſolute, and 
thoſe lntegers. 2. Broken, or Fractions. 3. Surd 
or Irrational. 4. Binomials. | 

But Numerical Algebra, in this place is partly 
preſuppos'd, and partly will be eaſily known by 
the Literal, both uſing the ſame Rules. 

Here follows the Algebra of Intire Quantities. 
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ceeds by Numbers; the other Literat which uſes -- 


ADDITION. 


Addition joins together all propos'd Quanti- 
A. ties, keeping the ſame Signs -E and —. 


EXAMPLES. 
t. In ſimple Quantities of the ſame kind. 
_ -- a "_ 
add. 4 add. —a | 5d 
the Sum. 24a-|-a| the Sum. 4 n 


that is 34 that is * 
For quantities of the ſame name i alleSed by con” 
t 


— 


trary Signs, in Addition deſtroy one another. 
1 5b FR þ 
add. 44 | add. —2b add. —5b 
| gc Sum. 56—26 Sum. 2b—5þ. < 
Sum. 1556 [that is 3b that is —3b 


. 


2. In ſimple Quantities of « differen kind. 


| 4c | 3c 
add. add. 24 | add. 2e | 
Sum. jb Sum. 4c-24 and f- 
| | - Sum. 36-j-26-f 
b $7 p14 ag 
add. —4a add. nt - add. —2 
Sum. b—4 Sum. 3fj-1 |Sum. 24—2 


3. In 


Integer Quantities. 5 


— 


3 


3. In compound Quantities of the ſame kind. 


ti- 24 ＋ 3c + 44 a+b— 2c 
add. 54 L 4 TL 2c} add. 4 —b—+3c_ 
Sum. 34 + 5c + 94 Sam. 24 +e- 


Here we muſt take notice that the quantities to be ad- 
ded are ſometimes confuſedly ſet down, which notwith- 
ftanding may be eaſily ſet in good order, lo that the ſame 
ſorts of quantities may anſwer one another. 

The fame likewiſe is uſual in Subtraftion and Diviſion, 
where if the Signs are different, the Addition will be made 
by Subtraction, ſetting the Sign of the Greater before. 


-—_ 


— 


64 ＋E 26— 4 | J — 


— + 36. | add-1:36— fo hes 


Sum: 4. F 5b — 54 Sum; 3f — 26 
8 þ 4 


24 C2, | D = 


add. —9d-4-44—6b-+5c] add. bb— abc -|-ab—3ac 
Sum. 344 — 4% Sum. 2bb + ac — 2a 


ME df +2 3 +24 — 2 
add. —24 + aff — 6 |add.—4ff — 54 + 6 


Sum. —ff — 3d + 4 
4. In compound Quantities of a different kind. 


1 38 ＋. 6 7 4 — 4.C 1 
add. '2b + 4 —1_ add. — 26 14 | 
Sum. 34--64-264-4—f Sum. 54—4c -4—26T-25 


B 3 SUB- 


- 
„„ 


6 Subtraction in 


t 


SUBSTRACTION. 


on joins. together two propos'd 
Quantities, changing all the Signs of the 
Quantity to be ſubducted. 


ExXAMPLE s. 
1. In ſimple Quantities of the ſame kind. 


from 54 from 2bc |from 4acd 
. „  c- ſubt. 4e 


rem. 5-24 rem. 2bc—bc .| rem.4acd--4acd 
that is 3 that is be l that is © 
from —df \from 4b from 3c 
ſubt. —4f, \ſubt. 66 | ſubt. —3c 
rem. —df-pdf rem. 44—-6b | rem. 3c4-3c__ 
that is © that is —2b that is c 


2. In ſimple Quantities of a different bind.” af 


from #4 from 34 from 
ſubt. #6 ſubt. 2c {|ſubt. 4, ö, and 4 
rem. 2— frem. 34—2c rem... 


ſubt. c, d, and e ſubt. 204 ſſubt. 
re. be rem. 4 Cad |rem. 4 —4 
Note, If it is doubtful which of the Quantities is Greater or 


Leſſer, the difference is generally expreſs'd by ſome 
other Sign. 


as I” c that is c or c 
3. hn 


from aand b | from df [be abc © 


Integer Quantities. 7 


— — 
— 
»*ä——)2—— 


3. In compound Quantities of the ſame kind, ; 
* Examples where the Signs are the ſame. 


from 4 f 3b from G6c— 5b 
ſubt. 24 + 2b ſubt. 4c — 36 
rem. 22 ＋ 7 rem. 17 1 


from 5d - 12 


from 3c 22 — 6 
ſubt. C — 34 — 2b 


rem. 2c—a+b rem. —-4＋＋ 17 
from 4b — 4 from 30 22-4 
ſubt. 2 — fed ſubt. 2c-þ 34 

rem. - + rem. — 4 — 4 
from 44—2c let 229 *.* 44 — 25 32 
ſubt. 24—6c c 2 and 24 —6c= 6 
rem. 2 4c land 24 + 4 2 


ſubt. 44-5. b= 3| - 44 +5b =63_ 
rem. 4—36b 

— from 64 ＋ 9 — 3c + 44 
ſubt. 74 -- 2þ — 3c ＋ 84 
rem. 5-6:4-.76 — 44 

* Where if the Signs are the ame ; the remainder will 

; here the quantity before is 

alſo be the ſame; exce Ang wo — — n 4 _— 


greater, than by Subtrakti : 
Rainder will have the contrary Sign. But if the Signs are 


different, the Subtraction will be made by Addition, pre- 
fixing the Sign of the quantity above. 
„ EKR 


from 54+26—c wess ＋ 54 * = 6 


- 


— 


Subtraction in 


— — 


Examples where the Signs are different. 


from 2 [let 23 3b = 18 
ſubt. 24—2b b=2 | 47 20 = 2 
rem. 2 24 — 5b = 16 
D 
ſubt. 6 _bTa—d_ ſubt. 3bb — 3bc 
rem. "b—6c 24 rem. 85e — 4bb 


from ab dM + er m6 
ſubt. 44 +244 — 50 —-6d 


rem. 24 — aa + 117 — 8 


_—_— 


w_ 


from 6th +- 34 — 3c + 95 
4 — 444 — 6e:— 3 
2bb ＋ 764+ 3 + 14þ 


ſubt. 


K 


ceo + 


bbd — mac — eee 


2bbd. — 2ccc + eee 


— — 


zece + I = 


— 


— 


from Tab ＋E dd — 


ſubt. 


gab — n 


rem. — 24 + 34d — 28 


Integer Quantities. 9 


8 
2 


4. In Compound Quantitits of 4 different kind. - 


ſubt. 44—ab-j-ac ſubt. ad--bd—244 * 
rem. 46 —4 rem. "be 


** tetra 


from 36 — 24 — ſubtr. 277 
rem. ee e 30 — 4 + af _ 


WF 


4. 
* 


let þ=10 | devs be 


4= 5 __z-+ A — 9 

= 6.17 gb =31 

a= 7 | 

f= 4 EEE) 
rem. 


2 
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MULTIPLICATION 


Oyns together the Letters of both Factors, 
'# without _y, thing between; or places the 
[| Multiplier by tne Multiplicand. But the Num- 
bers ſet before the Quantities are multiply d after 
the common way. The ſame Signs (whether -|- 
or —) give in the Product , but different Signs 


EXAMPLES. | - 


90 I. In Simple Quantities. 
TE  Moltiply « _ 
3 
the ProduR will be a 


Multiply 4 
by 4 
product. aa or 4 
that is 4 Square 
ü or 4 Second Power 


Mult. aa or 4 
| 6:55». . 0h 
that is 4 Cubick 

or 2 Third Power 


. B 3 


DN 


mult. 4 by b by 4 
ab 5 
a 


dba prod. 


mult. c by 12 
prod. 12c 


Where the Multiplier and. Multiplicand con- 
ſiſt of ſeveral Members, all the particular Pro- 
ducts are to be fum'd up together, in order to 
obtain the total Product. | * 


mult. «+b by c mult. b—4 by 24 
prod. acþHbe prod: 2bd—24d 
mult. a+2b—3c+4 by 3e 8 


prod. 34e--6be—gce-l-3de 
mult. 6b—24—c—4f by 24 


| Multiplication, &c 


mult. | — hy bho—ad ge 

pr 5 * ka # | : —gcd , | 
mult. 24+4# by Jc—54 : 
prod. Gac- 12G 1044-20 

"prod. of Fr af af 

5 F Tra 24.27 

mult. 30 — 2 C-; by 94a--4b—r -_ 

prod. 274b'—184-|-454a+120', Cc. 


Farther it may be noted, that Multiplication 
ſometimes expreſs'd after this manner; 


enk A. 
„ dhe 


r3 


DIVISION 


Eſolves the Dividend into the Diviſor and 
Quotient, which being Multiplyd into the 
whole Diviſor, reſtores the Diyidend again. But 
if Numbers are prefix d, the Nixiſion is 
med in the common way,and the ſame Signs make 
the Quotient -|-, different Signs make it ey in 
Multiplication. * 

Or Diviſion, as it were, extracts the Diviſoe 

from the Dividend, and takes the Remainder for 
the Quotient. 
And this is ſuſhcient when the Divifor i is a S- 
ple Quantity; but when it is a Compound ane, 
then we proceed to find out the Quotient in the 
firſt Letter or Number of the Diviſor, juſt as it 
is in the common Practice of 2 


EXAMPLES. 
1. In Simple Quantities. 


_ Ak a quotient au: 5 þ |* quotient. 
divid. fn | a bh OS 
. divid. gcd by 3c | quotient 34 

divid. 3f 37 605 uotient 3 5 

divid. 4 by 4H uotient 24" 

divid. peel 2cb* | quotient 3bc 

divid. 346 L 3ab* | quotient 4b 

divid. 1864 by 9 | quotient 2c4 
divid. 4b'c by 546 | quotient abe or = 
divid. 6b'c'd* by c quotient 12044 

divid. rz by 44'c quotient 3a C4 

divid. 5df by 5df | the quotient will be 1. For 


if the Diviſor be equal to the Dividend the Quo- 
tient will always be Vaity. 2. In 


% 


Diviſion 5 in 
4 f ; 


; In Cad Quantities 


TY divid. e b b | quotient will be * 
ard. 2 7275 quotient 6—4 Li 
* f-1-dg by N | quotient 44 

Als; THE, 2 


divid. quotient 
div. UU 24 be- 1 2 by 24 ＋ 4 1 * 3b— 5c 


divid. 4'-+4d by d- | quotient 4 
divid. 2 F 417 * 2f—1 | quotient fir 
divid. by a+b _quotient A—b 
_— 2 er quotient 2 
. * 364.—4 otient b'— as 
4 5 | qu . 
ſubtr. Haba ot 
remain . | . at: 
— OS * 


fubtr. _ 2. ba? 
remains —+b#&—# | Fa 


- 
- 


- 
- 
- 1 
* 


. 


— A | ” 
ſubtr. 1 ? ; 
div. —12h?crd 4-16 ＋ oa C—1 864 20b*c* 
. 


2. member} —1 2 α 1 5c 4 


1. be 8ab'-|-10abc? | 
3. member} 1642064 


. 

T 
CL Proof by Multiplication.] 

divid. c3-+-43 by c-{-d | quotient ca- EH - 

divid. emen, by —2 | quotient 4—3 


vil 


* - 0 
* 
Fur- 
2 et ” 
: - 
4 > : 
- 


Compound Quantities, 15 | 
Further, If the Diviſion cannot be made after 


the following manner, then, by placing the Di- 
viſor under The Dividend, there will be a. Fra- 
ction (yet ſo as to include the r as is 


plain what follows. 07-40 AY 
| ac by b; Ep 1 =. - 
| 0 YA7 50; 
divid. tr the Quotict ll be 20 
ce byd\ adit 
def by. gb We 
Thus «+4 by 4, will be 2 '* 
h2-|-c2 by elf IF % 75 ,0 3603 
e by bets 
abe- Per by be | A 
bde--3c by 4 | be 1 


In like manner ge Diviſion be 
by Symbols, tho, In it cannot bry 


N = . 
r 6 * _ 
— e 792 


16 
7331s 


_ 
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The Rule of PROrORTIoR 


F — two or three given Terms, rightly 


diſpos' d, by the help of Multiplication and 
Diviſion, as in the Practiſe of Numbers, produces 
the third or fourth Proportional ſought. 
And the Diſpoſition ef Quantities in a propor- 
tional Series, is uſually denoted after this manner; 


(1) (2) (2) 22 
| E i XK 
that is, as 4 to 6: ſo to X 


(1) (2) (3), a) 
4. b:: OA 3 
as 4 to : ſoc to X 


Vos as to the Praftiſe it ſelf, we muſt obſerve, 


1. That if the ſame Letters occur in the firſt 
or ſecond, or in the the firſt and third Term, 
they are thrown out before the Operation by the 
means of Diviſion ; which muſt alſo be under- 
ſtood of the prefix'd Numbers. "IT 

2. But if the firſt Term be different from the 


reſt [_ at leaſt in part ] as it commonly ha/\pens, 


then the fourth ſought always comes out ia the 
form of a FraQtion. 


E x- 


' The Raleof Proportions. 1 


| Exanplesin Simple Quantities. 
Terms given. 
1.) 4. 24 : 


— 
44 | 44 the Third Sought, 
„ which being preſuppos 


=to , then X will be 
to 44- 
Or more compendiouſly thus. 
& 2432 26 
che third ſought. 
444 
2) b. ab:: ab 
* | 44 the third ſought: 
or thus, 1. :: ab 
4 
x ab | 
„) 2 . © | = the third fought: 
4) b:: 
$) 
6.) 


70 


18 


The Rale of Proportions. 
8. X94 Ai x96 | = the fourth ſought. 


Examples in Compound Quantities 
gy. Ar: * Ty; 
| Porno OV FUL » the fourth 
div. [+ 6 fought: 

10.) 4. N 8 — 


ar. the fourth ought. 
$1) b. be: : 2banc | 


4 
h e 
* The GEkNEsIs and ANALYSIS 


r 7 
POWERS 
LE bers calf d Joodlation and Evolution; 3 

uſing cheſs. du, G1. 7 


W ERS are nothing elſe but Products ari- 
ſing from a continual Multiplication of any 
alſum'd Side or Root. 
For ſuppoſing that any Root is the firſt Power 
of it ſelf; of that the firſt Power ariſes, when 
a the Root is multiply'd into Unity.  * 
If then the ſame Root be n 
it ſelf 
| its uare 
is. BD * into Fits Cube | 
Lei its Biquadrate or Square-Square 
its Square-Cabe 


® 3 


bee lndices 301 -avy 0- o. Cost the 8 | 
or Numeral <4 ther ariſing Literal 2785 
| Bxponents a are aj them 0 ons Fic? | 


And ſo on, 44 ierten, a according to he num- 
ber of their Dimeglions, of which they are com- 


pounded. Cz But 


— 


20 The Geneſis and Analyſis of Powers, 

But the more compounded the Powers are, the 
higher they are eſteem'd to be; and therefore they 2 
are not diſtinguiſh'd by bare Name or Denomina- Pe 
tion only, but by their Order and Degrees, which 
conſtitute a ſort. of progreſſional Scale, in which . 
the Quantities do, as it were, aſcend and deſcend. (« 

But we muſt alſo obſerve, that the Powers, ll © 
which are above the Cubick, are not only produ- R 
ced from the Root it ſelf, multiply'd into the ſe 
Degree next going before, but alſo from the mu- Fe 
tual Multiplication of the inferiour Powers, as. 
their very Names declare. di 

For Example, The Bi-quadrate (or Square- be 
Square) ariſes not only from the Root multipli- | ©2 
ed into the Cube, but alſo from the Square mul- ©* 
tiply'd into it ſelf ; whence this Power (i. e. the Ri 
Fourth) is alſo a Square. And the like you may 
judge of the reſt. . 

Further: Every Root is either ( 1.) Simple, 
that is, of one Name, as 4, or 22, or 34, Te. 
for the Numbers ſet before the Letters do not in- 
creaſe the Name; or (2.) compounded of more 

Names, that is, binomials, trinomials, Cc. as, 
a+b, or a—b, le, 4 bc, . a+ 
c, Cc. ; 
Moreover, every Root is either rational, as 4, 
24, +a, Cc. or irrational, as /, y/ab; and as 
the Roots are, ſuch alſo are their Powers; bu 
in this place we ſhall treat only of thoſe that are 
rational. | Ka gue 4: | 

The Geneſis of any Power is the Production of 

the ſame Power by Multiplication from a give 
Root. 2 
The Analyſis of any Power is the Extraction of 
the Root from the given Power L by the means ol 
à certain ſort of Diviſion. J - Where 


The Geneſis and Analyfis of Powers, 21 


Wherefore, in the Geneſis the Root is given» 
and the Power ſought ; but in the Analyſis the 
Power Is given, and the Root ſought. 

But then the Root of any Power (tho' a rati- 
onal one) is not always a Side, properly fo calld 
(or a Firſt Power) but oftentimes the very Pow- 
ers themſelves do perform the uſe and office of a 
Root. S0 44, or &* (the Second Power) may 
ſerve for a Root, from whence we may make any 
Power whatſoever. 2 

Therefore the Geneſis of Powers is eaſie from a 
Simple Root: That is to ſay, (1.) If the Root 
be a Side (or Firſt Power) Let there be annex d 
to it a Simple Number, ſuch as agrees to the Na- 
ture of that Power, and plac'd above to the 
Right Hand, as the Index of the proper Multi- 

lication: As if the Root be 4, its Square will 

4, Cube , &c. if the Root be 24, the Square 
will be 44, Cube 8, &c. for the Numbers ſet 
before the Letters are multiply'd by themſelves, 
as was ſaid before. 

But (2.) if the Root be a form'd Power, then 
its Index is to be multiply'd by the (Simple) In- 
dex of the Power to be conſtituted ; that is, to 
conſtitute the Square it is to be doubled, for the 
Cube it is to be trebled, &c. as if the Root be 4, 
its Square will be , Cube , Bi-quadrate (or 
Square-Square ) , &c. 

Hence we may underſtand, that ſome Indices 
of Powers are Simple Numbers, as 2, 3, 4, &c. 
others are compounded of the former by Multi- 
plication ; ſo the Index of the Square or Second 
Power is not only 2, but every Number compoun- 
ded of 2, as 4, 6, $, &c. whence one and the fame 
Quantity may be different kinds of Powers; io «s 
is aot only the fixth Power, but alſo the third and 
ſecond, &. | C3 Lay, 


22 The Geneſis and Analyſis of Powers. 


_ Laſtly, if (3) another Power is to be com- 
pounded from two or more Powers ariſing from R 
the ſame Root, it will be done, by adding the In- g 
dices of the given Powers, and placing the Sum Ill tt 
of them to the Root. For Example, Let the il ec 
Powers 4 and ä be given, the Power compoun- th 
ded of them will be . So of , 4, a., will come = 
” right | 1 1 

Nor is the Production of Powers from a Com- 
POund Root, ſuppoſe a binomial, &c. difficult, 
thy it require more labour. . 


For Example. 


e pai multipl. 
4 Tab 
3 
ill be 4 WA 
the Square wi aeg. | 
 #b24bhabt | | 
+ <b-haab'+Þ | 
| ö Cube 
eee 
F 
Ale — 


And after this manner you may frame different 
Tables of Powers from Compound Roots, as far 


But 


as you pleaſe. 


The Geneſis and Anahſis of Powers. 2 ; 

1- But the Powers produc'd from any Compoun 
m Root, according to their ſeveral Orders and De- 
1- WY grees, have certain Properties, both in reſpe& of 
m the Parts themſelves of which they are compound- 
e ed, and their Generations; as alſo in reſpe of 
1- I the Signs and — Of which, and other things 
e of the ſame kind relating to them, we refer to 

Oughtred's Clavis. IM 
So much for the Geneſis of Powers; which, if 
well underſtood in the Literal Practiſe (uſing the 
Figures as far as poſſible) will make the way eaſie 
to the Analyſis; which is nothing but the finding 
out or extracting the Root from any Tae 
Quantity: The ſame will likewiſe, in a compendi- 
093. WAY ſerve inſtead of a Rule for the Practiſe 

o _ 7 ee 


EXTRACTION 
Of the 


SQUARE-ROOT. 


ClWhoſe Sign is /q, or V alone.] 


(1.) From Simple Quantities, 
— is done by dividing the Index of the 
* r by 2, and if the Numerical Square 
— 7 


by extracting the Root ſeparatel 
Lg that Square. : 


From the Sq. Root 5 bens Vqis A 
02 16d? 44 


4 is 
So from c · the Sq. Root is c 
254 545 


( 2.) From Compound Quantities, 
Where the Practiſe is thus: 
Extr. . from & z c N Roat ſou. 


4*+24 +c 
c — 


| 24c-|-c? |-c2 ſubtr. 


1. Let 


was £4 Mm 


ef. 


dt. Mi a ws www M0 wXXAoc A =$ 4. 


Extraction of the Quadrate. Nm. 25 | 


1.) Let ns ſuppoſe the Root of the Diagonal 
Square 4, which is 4, and take away the Square 
itſelf «* by ſubtraction. q / 

2.) Double the firſt Number 4 of the Root 
found, the double will be 24, and write this under 
zac (the ſum of the complements) divide LZ 
by 24] the quotient is c, and will be the other 
Member, both of the Root and alſo the Diviſor, 
which was hitherto imperfe&, ſo that the whole 
Diviſor is 22 f C: Which muſt be multiply'd into 
its quotient c, and the product ſubtracted from 
what ſtands over it; (3-) ſince nothing remains 
at laſt, it is a proof of a perſect Square, and that 
the Root is truly found. | 

[Note. The doubling of the Root is uſually 
call'd the formation of the requiſite Diviſor ; as 
in the extraction of the Cube Root the triplication 
of the Square, Cc. | 

3.) And further, if there be yet more Members 
of the Root to be found, [as in the laſt Example] 
all the foregoing Members are to be _— ; and 
the Diviſion to be perform'd in the fame 


to the end, till nothing remains. 


The reaſon of the operation is 
eaſily manifeſt from the Geneſis 
it ſelf, and the annex'd Figure. 
For the Diagonal Square & gives 
the firſt member of the Root, 
which being takea away, the 
Gnomon remains, conſiſti 
the double Complement , and the other Dia- 
gonal Square cz. Since therefore the 


comple- 
ments are produc'd by the multiplication of the 
two 


— 


4 c 


26 Extrattion of the Quadrate-Root. 
two 


of the Root into one another [that is, 
of à into ej it follows, that if the Sum of the com- 
plements 24c be divided, by the firſt member of 
the Root doubled as [24] that then the Quotient 
will be the other member of the Root, viz, [c 
Which though it preſently appears in the litera 


Practiſe from the other Diagonal Square, yet in C 
the Practiſe of Numbers it is to be found ont by t 
- the means of the faid Diviſor [24]; tho' this fi 
Diviſor be imperfe& till the Quotient it ſelf be 0 
' Join'd to it. | | U 
8 1 

8. From — ng 4a—b / ſought, 

. — mult. | 
—24ab—b? ſubtr. 


8. From 44-+84b-1-44* | 24-1-bv ſought. 
46%—16cd-+-1642 20-44 ff ſought. 
F 2bc-1-:+2b44-2c4 44? 
ki 2 * * | Hey 
| C 


abe ſubtr. | | 


$, 
1 
of 
it 
4 
n 
y 
+) 
E 


Extrattion of the Qaadrate- Ros. 2 
The Application of what has been ſaid in Numbers. 


IO 2 


Extract /q from 144 which 
is the number 12, let this be 
conceiv'd to be divided ſo, that 
the firſt number (1) ſtanding 
for [10] may be reckon d for 
one Member, and the Number 
[2] for the other, and then 


proceed as above. 
144 | 10Þ2 that is 12 / ſought. 
100 10 | 
44 2 
2 1 
3 
44 


But the ſame may be done (tho? not with equal 
convenience) by dividing the Root 12 into what 
parts ſoever, ſuppoſe into 9 and 3, into 8 and 4. 


EXTRA- 


SE OW 
Of the 


co BE-RO OT. 


CT. Mark of which i is cub. orc] 


(1.) From ſimple Quantities. 


Which is done by dividing the Index of the 
Power ropos d by 3, and if a Cube Number be 

* , the Cube- Root ought to be extracted by 
it ſelf. 


a 4 
From 9 the Cube · Root is C.“ 


2c 
274 34 


4d ad 
From 942 25 the gen is Abe 


( 2.) From Compound — 
15 Where the Practiſe is thus: © 

From Vc. from 4*-+3bc-3b62+| He /c ſought” 

44-362 3b 

mult. + +. + 4c 

zer T3be Fc 


1.0 put 


* 


Extraction of the Cabe-Root. 29 


1.) Put down the Cubical-Root of the Diago- 
nal Cube b, which is b, and take away the Cube 
it ſelf 6 by Subtraction. 


2.) Let the firſt member b of the Root which is 
found, be trebled, and write down the triple 3b 
under 3bc?, as the correſpondent term or comple- 
ment. Then multiply the triple 36 by the faid 
member b of the Root, the Product will be 3a, 
which write under the correſpondent complement 
36? ; ſo you will have part of the Diviſor. There- 
fore divide 36*c by 36?, the quotient c will be c, 
the other member of the Root : which being mul- 
tiply'd both into the triple of the preceding mem- 
ber b, ſo as to make 3be, and alſo into it ſelf 
ſo as to make the Sqaure ce, there will ariſe the 
whole Diviſor 3bz+3bctc?, which at laſt may be 
was n; 9 into its quotient e, and the produ&t 
muſt be ſubtracted from the above-written: [Or 
which will be all one, let the member c of the 
Root which is found, be multiply'd iato 362, and 
- Square c into 30, to which laſtly joyn its Cube 


3.) If more members of the Root are yet to 
be found our, let all the found members betrebled, 
and write that triple down in its proper place, 
then multiply the ſame treble by 'all the known 
Members of the Root, and write the Product un- 


der it, according as the Letters themſelves direct; 


then divide, &c. as above Num.” 2. by repeating 
the very ſame Operation, as there ſhall be occa- 


- ſion, to the very end; where, when nothing re- 
mains, it is a den of a perfect Cube, and that the 

Root was truly „the proof of which will be 

had by multiplying the Root found Cubically. 


30 Extraction of the Cabe-Root. 

... The reaſon of the Operation is plain from the 
Geneſis and Application of a ſolid Figure. For 
the Diagonal Cube “ gives the firſt Member of 
the Root, which being taken away the Gaomon 
remains, conſiſting of three complements b*c 
Legual and alike] and likewiſe of three bc? ; and 
alſo of another Diagonal Cube . Since there- 
fore the firſt order of complements [2c]. is made 
by the multiplication of the Square of the firſt 
member of the Root [5] and under the ſecond 
member c; it follows that if the Sum of theſe 
complements Cape] be divided by 36?, that is, 
by the triple of the Root “ multiply'd into the 
Root b, or which is the ſame, by the trebled 
"Square of the Root, that then c the other Mem- 
ber of the Root will be the Quotient. 


$From -U zh % | a—+ vc ſought. 

Some... + -4;+ 250 | 

mult. — 1 benni £51444 100 
al . | 

S From 8c3—1204i16cd*—43 20—4 Vc ſought. 
$3 BF 122 +66 


m. Application in Numbers, © 
- Suppoſe the Number 12167 were given whoſe 
Cube Root is 23, let this be conceiv'd to be di- 
vided chat the firſt: Member (2) repreſenting tens, 
may coaſtitute one part [ao] and the other (3) 
—— 2 — 23 may be di- 
vided into 20 3, which being ſuppos d, proceed 
as follows. * a 


ps 5 Ss 1 


31 
12167 A „ 
ſubtr. Ferse * 
s (4167 mult. 


5 200) =b 60=3þ my 


add- - —=bÞ1200= 36* 
c| S 


— [7389 the whole Diviſor. - 
mult. 3 80 * 


} 7 
„ 
- * 8 
4 i — ee een CT 
' Ls. « '2 
et | A239) % 174 
9 
*4 
— — — — — — —— 
Pb {7 
. * - 2 — 
- — — 
1 
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EXTRACTION... 
oOf the 1 "i 


Biquadrate RO O T. 


LHheſe Mark is this, Vd, or WI 


(1.) From Simple — 


Which is done by dividing the Index of the pro- 
ou Power by 4, and if a Bi-quadrate in Num- 
be preſix'd, let the Bi-quadratick Root of it 

by ſeparately extracted. - 


From: 94e is 1 om is 


nnr Compound Quantities. 
Where the Practiſe is thus: 


10 From Ae L' 4e -Le U Cen ought: 
| 4 oy * 8 dug 


$4.56 — 
mult. * T 


2 85 62. C2 = 2 
Tab ebe fe e 


1.) Let. us ſuppoſe w of the Bi uadrate of 
the Diagonal Biquadrate b*, which is C; and take 
away that ““ by SubtraQiog. | 

2.) 


1- 
It 


ke 


, Bi- hats Noob. 33 

>.) The Member of the Root 5 being _ 
let. its Square b, and alſo its Cube , be pa 
down in their proper places from the Right 
the Left, and let õ be always multiply'd 
4, & by 6, and b. by 4 again, the Product will 
be 4 Tel- a, which in part compaſes the Di- 
viſor for the following Member of the Root. Let 
therefore 4e be divided by 4#, the Quotient c 
will be the other Member of the Root; which 
being multiply'd into- 6%, ſo as td make She, 
and its Square into 4b; fo as to makr 4bc fund 
alſo ĩato it ſelf cubically, ſo as to make g chere will 
ariſe the whole Diviſor 4b/46b'c<+-4be the whole 
of which is at haſt to be multiply d into its Qua- 
tient e, and the Product ſubſtracted from that 
which is written above. Or (which is the ſame 
thing) having gotten the Terms ee, 1 
let 45 be multiply'd by c, 65 by e, and 2 U 
c', that is, the Cube of c by c it ſelf; the Q 
dratick Term by c* the Square of the Root; and 
the Radical Term by c the Cube of the Root 
to which, laſtly, joyn its Bi- quadrate, and on 
whole Sum will be to that abo re. 

3.) If more Members of the Root are to be 
found out, the fame Operation is to be repeatei 
as in Num. 2. by taking all the Members of the 
Root before found, Cc. And ſince nothing re- 
mains at laſt; it is a Proof of a perſed * 
drate, and that the Root is truly ſoanudG. 

The Reaſon of the Operation will be plain, as 


in the foregoing z excepting that no 
Figures go beyond the Cubical-Power. 


1 


2.) From 


i the 


Quantity, that Sign affects all the Terms, and it 


34 Ea of the 
From - &|-64b'—4b 
2) From Saft r . 2 


. — — Ki ade; 1:4 
— | FH 


F The Praftice in Numbers. | 


In a like manner alſo will the PraQtiſe i in Nom 
proceed, but it will be more eaſily done by 
a wy ola Extraction of the Square-Root, that is, 
e- Root be firſt extracted out of the 
Number propos d, and then the Square-Root of 
this Square · Root? for this Second Root will be 
the Bi-quadratic Root of the Number propos d. 
Fer Example, Suppoſe the Number 38416, the 
'Square-Root of that will be 196 ; and the Square 
'Koat of this 14. Therefore 14 will — the Bi- 
quadratic Root of the Number propos d, 38416. 
So much concerning the extraction of Rbors from 
rational Powers,that is,where the above mention't 
Rules take place, and leave nothing remaining; 
But when the Extraction cannot proceed a 
the manner aforeſaid, it is a Proof that the 
Quantity-or Power propos'd is fo far irrational, 
to which therefore we need only prefix the Sign 
of the Root ſought; and — is a Compound 


is commonly cal'd An Univerſal Root. And 
is the Origia of irrational or Sud Quantities, of 


which. ea AN een fo Example, 


i % 
_ * 8 0 A he 
Fs 4 4 4 'S = 2 — 


| 'be 4+ _ 
EO Cai 


L * That is, 165 he evo Squares 6 and V, ana Square 


Root from the Sum. 


1 1 2 111 


—— —__ — — 
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"A 24:86 5 
1 - 24 — he wi he Y 6:24 — 2 
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2 & ww « Www £7 
* 


Arif” "HO | * 


n _ 8 4 — —_—_— ”— I” 
** — 


_— — —„ 1 


- 
. , : . 74 
— — — — 
7 
YT 


I. THE 


* OPERATIONS. 


FRACTIONS . 


Where, for Exerciſe ſake, t Pracliſe of N. 1 


bers and Letters are deliver d. le 
1 F — 8 
- 


The Notation of Fractions. 


8 Proper Fratkioni. I: 
The Numerator, 1 23 2] 5 4 24] A goppoßag b 
The Denominator, 235 530 b* þ* + 
S. Improper Fractions. ? Tn via? 


25 E 2b 2100 Chey 
_— . Memb. 1. 
Where Note, When the Denominator and Nu- 


- merator are equal, the Fraction is always equal 


to 1, Cc. 
| § Faction. 


i. 


The Operations of Fe 37 


— 


- 8. Mixe Badu 
ee 


8. Fractions of Frattiqns, or ſecond Factions. 


2 of + that is, the half of three Fourths, which 

i Wis aſually written thus, 3 2, 4, 4 comma being put 
1 between; likewiſe ; of +, two thirds of four fiſths. 
In theſe, the latter Fraction or Term, is the 
principal and greater, which bears the relation of 
the whole : But the former Term, which is the 
leſer, nates! thereto as a part. | 


£ Soin Letters: 5 of 7 = and let 4=3.. b. 


1 8 — 


—— 


CHAP. II. 
The Reduction or Tran{mutation of Fradtions. 
. 
4 | 6. Firt MEMBER. 


T 0 reduce * Frattions to Integers. 


5 hs * 


Dis the Numerator by the Denominator, 
the Quotient will give the Integers, &c. 


For Example, reduce 1) |3 the quotient. 
2-)..3 | 25 the quotient. 


D 3 3.9 


Soin Letters: 2 24quotient 2 er 


-. 


— of Friis 


30 * | 8quotient. | 
4) 11 | 51 2 quotient. 


$. Second Mv sz. ; 

To reduce Integers, into the farm of «Brian. 
1-) If there are andy. lategers given, and, x 
given, let a Unit 


certain Denominato 


. written anger the moped Vander n 


and it will be done. | | 
Suppoſe theſe Integers given, The markt will be 
6 — — ._ 

15 — — 7 

. 4 

— 8 E 

4 — — u—ũ—.]˙ do§2ę —u 3 

2b 

2b — — Y 

F 


20 If there are e Integers iven, a there 


be a certain Dedomiaator- aſl | for the. Fro 
ion, 

Let the pro nantity be ' multipy' "by 
the Beten 95 „and let the Denomina- 


tor be written under the Product. 
If the N unlder 7 be to be reduc'd into a Fra- 


Aion, whoſe Denominator is 4, it will make . 
| [Which 


* 


amm 


. 
# A 


Suppoſe l- 


4 


The Operations of Frattions. 39 
[Which is no more than if I ſhould fay that 
feven whole Pounds were to be reſolv d into Fur- 


Things. 


Let the quantity b be given, and as Denoms- 
nator of the ration 2 there will are this 


improper Fraction == 
Let the Quantity 60M be given, Eo the De- 
nominator f, there will ariſe this Fraction 


3.0 if the lategers have a Fraction ander to 
them, let the Integer Quantity be multiply d by - 


the Denominator of the adherent FraQion 7 let 


the Numerator be added to the Product, and che 
Denamuaater written under the Sum. 


Suppoſe, 24 | 33 91s 1225 + 
21 1 T ry by: LS by 
They make | | ## | 51 


Suppoſe 42 there will come out 251 
— 


there will come out = — 
Suppoſe 20h there will come — 


$. Third Mz MBs Rag 


To reduce Fraftions propos'd in greater Terms to luſſer 


Terms of equat value (when it is poſſible.) 


For any one and the ſame Fraction, may be 
expreſs'd innumerable ways, of which the 
cipal is that which gives it in the leaſt Terms- | 


Da” For 


= 
- 8 
- 


40 The Operations of Frattions. 
For every Fraction is not -reducible to leſs 
Terms, but thoſe only are 6, in which the Nu- 


merator and Denominator have one or more" 


common Diviſor. | THES 
If therefore the greateſt common meaſure of 
both Terms (that is, of the Numerator and De- 
nominator) be inquir'd (as ſhall be ſhewa after- 
wards) and each be divided by that common 
meaſure, the Qnotients will give the leaſt Terms. 
Or which will be all one, divide then by any 


- the ſame Diviſors, which offer themſelves, and 


leave nothing remaining, till no common Divi- 

ſor occur but Unity. 4 | | 
Wherefore in this place (eſpecially as to the 

practiſe of Numbers) obſerve the following Caſes. 


1.) When the Denominator may be exactly di- 
vided by the Numerator, then the Numerator 
it ſelf is the greateſt common Diviſor. And in 
this Caſe, the Numerator of the reduc'd Fra- 
tion is always Unity. | | 


' Suppoſe theſe Fractions. 


— 6 $. 8 


L 2 
- 24 15 40 32 63 


Equivalent to theſe in the leaſt Terms, there 


will be # 
t 
But if it does not immediately appear, as when 
the Numbers are greater, then we muſt proceed 
according to the Rules which ſhall be given after. 


* | | 2.) If / 


* 


1 
J 


. 


The Operations of Frations. 41 

2:) If both Terms re even Numbers, you mult 
halve them as far as vou can. 
Let the Fraction 34 be given, by con 
halving will ariſe theſe 55 | 5, |#|4 | 5 every one 
of which are equivalent to the Fraction given; 
but of theſe 3, as conſiſting of the leaſt Terms, is 
the moſt . e 
Likewiſe let the Fraction 55 be given, if we 
halve them, theſe will be equivalent to them, 


12 3 3* 


3-) If both the Terms have on the right Hand 
one or more Cyphers, let 'the ſame Number'of 
Cyphers- be ſtruck off from both Twhich is no 
more than to divide them both by 10 or 100 J&c. 

Let 45 or 45s or 4335 be given, caſt away as 
many Cyphers from one fide as the other, and 
then they become 4. | 

Let ,$32 be given, and there comes out firſt 
and then taking the halves, it is A. . 


4.) If the Terms are otherwiſe, and the Num- 
bers not very great, it will eaſily appear [from 
the Pythagoric Table] whether they have one or 
more common Diviſors, with which work as be- 
ore. | " - 

Let the FraQion #43 be given; here firſt both 
Terms may be divided by 7, from whence ariſe 
3, and again both may be divided by 3, ſo, that 
it makes 3, ; | 


Likewiſe 


42 The Operations of Frattions. 
Likewiſe let the Frationgg7 be given, then di- 
vidiag both ſides by 5, 7 wil ariſe. 
So if the FraQtion 54 be given; dividing by 6, 
the equivalent will be 3. 4 


J) If it cannot be done by the foreſaid means, 
as when the Numbers are very large, then let 
the greateſt common Meaſure be igquir'd after 

this manner. 5 321 2's 341.5 
Let the 3 always be divided by 

the leſs, and let it be ſo in all the Remainders 

as well as in the Numbers firſt given; that is, 
let every foregoing Diviſor be, divided by the 
correſpondent Remalader, taking no notice of 
the Quotients: The laſt Diviſor, which leaves 
nothing remaining, will be the. greateſt common 

Meaſure of both. [_ See the Example A. J 
But if at laſt Unity remains, it is a Proof that 

the Terms of the Fraction propos'd have na com- 

mon Diviſor but Unity, and therefore that Fra- 
ction cannot be reduc'd to leſſer Terms. L & 


Example B. | 
* 1 (12 rem. 
A? Let the Fra- 1 Div. 422 
Kion be given 432 1) 25 
26-0 nothing remains. 
2) 225] 8 | 3) * 4) 9 | 912 
22 9 3 


and the laſt Diviſor was 3; this therefore is the 
greateſt common Diviſor for reducing the Fra- 
ion given, as follows, 


8 | Th 


 —_— Freffion, 43 


di- werte. „ em 
6, W. N 2155 4 E , 


BJ Suppoſe moreover the Fraftion +, be giv- 
* en, to be duc to its leaſt Ten. * 


| (1 
bell ir. 122 Gl, 2) 5s 3.) 4 


Ty. whence it is plain, that this FraQtion AE is al- 


ready in its leaf * and admits of no fur- 
ther Reduction. 


§. In the Literal OY if he Quantities 
are not too mugh co ded, the common Di- 
viſor (if it has; any) 18 eaſily kgown Cefpecially 
to one well vers/& in the Practiſe of Multiplica- 
tion and Diviſion ) which, being had, the 
ſame way as abqve in Nadibers: that is, dividing 
both Terms by the common Dixiſor 
found, and taking the Quotients. 

But when the Quantities are very large, and 
much compounded, the diſcovery of à common 
Diviſor is. a mare laborious and tedious Opera- 
tion, than is proper to be deliver'd th this place. 


aac Oe — a 


Wherefore the Examples following nilhbe ſuf. 
he ficient. 
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* 
Propos d Common 
Fract ions. Divi ſers. 
= b 
4 5 
— 2 | 2ab 
4545 | 
3 | ba 
1 l 
2 zab c 

— | FE 
Ac | 
cata cg 

1 
. 
| Pefr-c* 40d | | On | *. e. ; Q 
e : Cond * ca 
* „ 
. cod th 
cd cd cod —— 

2 e AWARD ar 
41 4-þ3 X a*4-b*.oak an 
= | 4 == | 

of 

du 
th 

OF I bc 


45 


— * . of 
aA 4 , 


P = 

1 4 «W315 nie. 
. ? = 

G OF THE 


Lavention, Difliodian, Rekw 
_K chon and Reſolution of Al- 


ert AEquations. 
4 


Hen any problem or Queſtion is 

imagine the thing requir'd to be done, 
and inſtead of the Soughr Quantity (whether it be 
Number or Magnitude) put x, y, or =, that is, 
one of the laſt ug he A phabet ; bat for 
the Given Quantities * firſt — as „ e, 
Cc. by which means the G:ver Quantities will be 
2 — eaſily diſtinguiſh'd from thoſe that are 
Sought, 

Then let the Quantities as well Given as Sougnt 
be compar d, according to the conditions of che 
Queſtion, by Addition, Subſtraction, Multipli- 
cation and Diviſion, till at laſt ſomething be found 
—aqual to the Quantity Soughr, or to ſome Power of 
the ſame. 

But becauſe in almoſt all Equations. as they firſt 
ariſe from the conditions of the Queſtion known 
and unknown, Quantities are variouſly mingled 
and confounded together: Therefore the Terms 
of every Equation are to be ſo order'd and re- 
duc'd, that the Giver may poſleſs one part, and 
the Sowght another. But then the Quantities on 
F both ſides are to be reduc'd into the moſt ſimple 

Form and * of a Root; which * 
u- 


46 Of Algebraic Equations. 
reduction of Equations to the moſt ſimple Form: 
And the principal Rules of this are as follows. 
If Equal things are added to or ſubtracted from 
Equal things, the Sums and Remainders will be 
if Equal things are mül iply'd or vided by 
| things; what ariſes wi = gud 11373 
e Homogeneal Roots of Equal things will be 
Equal. 3K v! $4.33 A — * r NES 
Further, Equations are of ſeveral kinds, or or- 
ders, viz. as many as there are degrees of Pow- 
ers or dimenſions in the vrofrefitoanl Stake of 
Quantities. Whence we have Equations, 


1. Simple, 3. Culical 
$42: B;j-quadratic, &c. 


6 - 


2. Quadratic, 
The handlingof each of which are accordingly 


conſider d in 
gebra. b 


The reduchien of Eiuitiotis (eſpecially firaple 
Ones) is performd by the following Opera. 


the ſeveral diſtinet parts of Al. 


„ 


it! 


E 
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n : 
2. By Subſtrattion. 

IM IP | 
be Let Q. 1 aber 
ſubſt.« +4 x ſubſt. s 
bY winde G I. e 

| "HECK. ST TY fubſt. 4 2 
br | mh d=x 


R— 4 - 
Note. Inſtead of Addition and Subſtraction we 
may more compendiouſly uſe the tranſpoſition of 
Quantities from one ſide of the Equation to ano- 
ther, always giving them the contrary Signs. 
Let a—b—x = b+x- 
it will be 2 = 2x 


ll 3- By Mulriplication. 
Let (5 = b \ Q. 8 


4 mult. 4 36 


it will be Z = ab mult. by 36 
A 
that is x = 4b Q. will be to 3 ze 
4 By Diviſoon. 
Let a* = 6x 347 = gx 
7 ET 3x div. 
it will be «- = XxX = 3 


le 
A- 


Of the Invention, &c. 


Let X- EA = bx-| x 


x div. 
* it will be x 14 = e 
and x = b-|-c—s 


$. By Extraction of Roots. 


4. 


Let x? = 2 Let 2 = ab l. 
extr. v extr. 4/ 2 
1 pets: | : P 585 Nn th 
„„ Let rA = A tb 
extr. v 
x ＋ 32a =-b- 
: and x = 4 -|- 6. 
Let x3 — 3bx? -|'3b*x — þ3 43 T 
_— x } - | * 
X A Cc . 19.3 th 
and x = #& c. j@ 
22 | # fre 
8 | th 
| uw 
th 
ad 
2 + {A 4 a 
wh 
| 20 
. hw” = & 4 4 


Sz 


Pr oblems or Qu tions, 
Which pr oduce Simple Equ 5 


0 find a Number which being multi- 
ply'd by 3, ſubſtraQing 5, from the 
product, and the remainder divided by 2, if 
the Number- ſought be 2 to the Quotient, 


that the Sum may be 40. | 
Suppoſe the Number ſought M 1 
1. The Prattiſe in Numbers will be this 


The Number ſought =x, 


&% 
: 


multiply'd by 3 
the Product will be zx a 


from which ſubſtract 1 
the rem. will be 3x—5 
which divide by pw 
the Quotient will be 2 


add td this the Numb. ſought x 


the Sum will be -& = 40 
which by mult. will be 3x—5-2x=80 
a a * 1 is 3—5 —80 
an J tra "0-1 
2 Wat i is 5x © =85 | 
y dividing by 1 
x -=17=the 
Number ſought. 
29 E x : 8 Proof: — 
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$ Proof. 
The Number found 17 


{ 

multipl. by _ 3 AT. bs 
FI | 

ſubtr. ; t 

2 

L 


Divide by 

. 

„ + ay 35 : 

the Suth is — Ib Which was the Nen. 

| | — — | 

2. The Prattiſt in Letters. 

Let 3 or the multiplying. Number —s 

5 to be Abkraded h — 
2 - the Diviſor = ;x, 

40 | the Sum | A 


Now then, the Number fought * 
multiply by 
— me rodut 
ubtr. 
— 
divide hy 
quotient 
add | 
the Sum 


therefore by multiply 
* dy . 


From 


Problems or Queſtions. . 
From hence comes the general Rule for ſuch 
ſort of Queſtions : Let the given Number of the- 
Equation be multiply'd by the given Diviſor : 
Let the Number to be ſubſtracted be added to 
the Product: Divide the total by the Multiplier, 
augmented by the Diviſor; the Quotient will 
give the Number ſought. | 
$. Where we muſt obſerve, that the Inventi- 
on of the thing ſought proceeds by an Operati- 
on or Method contrary to that of the Queſtion. 
And ſo in other Caſe s. 
2. To find a Number, which being multipli- 
ed by 12, and 48 added to the Prbd as much 
may be produc'd, as if the ſame Number * 
were multiply d by 18. HE bs 
e generally thu, 
To find a Number, which being wultiplyd 
by 4, and b added to the Product, as much may 
be produc d, as if the ſame Number were mul- 
tiply'd by c. | 
3. To find a Namber, t6-which if 11 be added 
and 7 ſubſtrated from the ſame Number [ viz. 
the firſt ] the Sum of the Addition may be dou- 
ble the remainder. - f 25 | 


Or in general. 

To find a. Number, to which if b be added, 
and e ſubſtracted from the ſame Number Lois. | 
the firſt J the Sum of the Addition may be to 
the remainder in a given e, viz. double, 
treble, &. 


4 To find a Number, to wiüch if its double 


L bee quadruple, &c. ] be added, the FR 
of the ſame Number may be produced. 


25 E 2 le N To 


52 Problems or Queſtions. 
5. To find a Number, which if added to it 
* ſelf, and the Sum multiply d by the ſame ; and 
the ſame Number ſtill ſubſtracted from the Pro- 
duct: And laſtly, the remainder divided by the 
ſame, that it may produce 13. # = 5 

6. To divide the Number 16 into 2 parts, ſo 
that the Square of the greater part may exceed 
the Square of the leſs by 32. /*= g#7=/6 
. 7. To divide the Number 36 into two parts, 
ſo that if 12 be added to the firſt, and 6 to the 
ſecond, the former may be the double of 'the 
latte. „ 2 24 . "I 

8. Let the Line AB (of 70 parts) be divi- 

ded any how in C [ ſo that AC may be 42, BC 
48 it is required to divide the ſame Line again 
in another Point: For Example, in D, ſo that the 
Rectangle ADC may be equal to the Square DB. 
Let the Segment CD be inquir'd L which being 
obtain'd, AD, DB will be knows J. 6. ma 


g 


C. D F.. bh * | 
S. Or thus in Numbers. 
Suppoſe two Numbers 42 and 28; a tha is 


to be found, which being added to 42, if the, 


whole be multiply'd by the Number ſought, as 
much may be produc'd, as if the ſame Number 
ſought, being ſubſtracted from 28, the Remain- 
ST Ton ik. ir 

| = 50, GD=8, DBP :::' + 4% 

290. oc: 9 


"I 
4 ? 


5 yy —_ ry 


O can 


Problems or Queſtions. 53 1 


IC Let the Line EF be divided any how in G, 
d b that EG may be 6, GFE 4] it is requir'd to 
produce this right line EF [for Example unto II. 
© If fo that the Rectangle EHE may be equal to the 


- © Square GH; the eng h of EH is — 
d "MER A PS WAL AS. 
| — 6— — "bl | * 
5, of 4 „ 
| 5 
5 | $. Or thus in Numbers, = 


1 Let Sore be two Numbers 6 and 4; weare to 
ci finda third, which being added to the Sum of 
two given N ſumbers; if the whole be Multiply'd by 

the 5 Sought, as. much may be produc'd, 
3. a if the Sum of the Number Sought, and the leaſt 
of the Siren Numbers were * e 8 


2 © — — 2 * * 


10. A Onerel dpf ing his, run Square 
Battle, finds he bas 284 Souldietrs over and ee 
but increaſing each fide i abe Souldier, he 
wants 25 Souldiers to fill up the re: How 


ee eee ee 


11. 1 certain Captaid ſends out; of his Soul- 
diers 10, there: remain 2 ＋ 15- How many 
* rs had he ! 22. 140 2s þ 


+0 — —— — 


125 There i is an Army to which if you add 2, 34 
and } of it ſelf, and take away. 5000, the Sum 
Total will: be 400000. What was the Wunder 


en 22 lr 
uf ect, 


— F A ke 


78 


= 0 
. 


et 


Problems or Queſtions. 


13. la the Rectangle ABCD, the difference of 
the greater fide AB, and of the leſſer fide: BC, 


» 


is 12, but the difference of the Squares of the 
ſides 1680. What are the ſides of the Rectangle 


ABCD ? 


—.—— 5 * 4 
phat is, fropeſung it generally. . - 
The difference of the Sides, and the difference 
of 3 8 Sides 1 Given — a Reck 
angle, 0 St the Rectangle. 
13 6 BC=69 

14. The length DE of the ReRangle)/DEFG, 
is twice the breadth REF; and the Sum of the 
Squares of the length and brefſth is ten times the 
Sum of the two Sides DE, EF. What are the 
Sides of the Rectangle DBF? 


* % 


_ 


In a Rectangle the” Rarro of the Sides, and 


the Rao of the Sum of the of the Sides 
the Sum of the Sides themſelves being Given, to 
find the Sides of the Rectangle. 


DE 425 EF. 6 15. To 


EE . 0 SO wo 


ps By 


© 
am An AB. o rw wuw<s oi == 


Prablems or Queſtions. 35 
15. To ſind to Numbers in the proportion of 


2 to 3, whoſe Froduct, if they be multiply'd by 
one another, all be 54. 


Let the leſs Number X 3 
52: X | the greater Number, 
or, let the common Fader [which being multi- 
ly'd into the Terms of the Given Ratio the Num- 
br —— may be Woes = SR: the leſs of 
c umbers Sought 2 
and the greater 3X. 2 N 
16. To find two Numbers whoſe Nario is to one 


* 


another as 4 to 5: and the Sum of the Squares of 
both, is 2624. 232, 40. | 


17. To find the fide of a Square,  whoſs, Ara js 
to the Sum gf the Holes in 8 Given fn, 8 
45 to 1% 60 


18. To fad lacs ca whoſe Sy 
cies ĩs to the Soliging in a Given Revo, as 6 to 25 


19. A certain Man hires a Labourer, on this 
condition, that for every Day he work dhe 7 
ſhould receive 12 Stivers, but for every 35: 
Day he was idle, he ſhould be mul&d 8 25. 
Stivers. When 390 Days were paſt, nei- 
ther of them were indebted to one another. How — 
many Days did he work; and hom man was he : 
idle ? 1 234. work (+ Miet 
amt him gone ee | 6 Serv, al 
24 yearty Wag 
together with a Cloak. At 8 Monthsend 24” 
the Servant obtains . —_—_— 
4 


3338, 


— 


* 


KFF! 


88 


56 Problems or Queſtions. 

17 of his Mages 5 * 8 * Flo- 

rins. How much did the co 455 
| Clouk = * | 


21. A Perſon being ask d how Old he was, an- 
ſwer'd, If I quadruple 5 of my Years, and add ; 
of them -+ 50 to the Product; the Sum will be ſo 
much above 100, as the number of my Years is 


nom below 100. 2 90 carr, enters 


22. One being ask'd what hour of the Day it 
was ? anſwer'd, The Day at this time is 16 hours 
long; if now z of the hours paſt be added to} 
of the remainder,, you will have the hour deſfir'd 


reckoning from Sun-riling- 9 4 poſt 6 — 


23. From Norimberg to Rome are 140 Miles: 

A Traveller ſets out at the ſame time from each 
of the two Cities, one goes 8 Miles a Day, the . 
other 6. In how many Days from their firſt ſet- 
ting out will they meet one another, and how 


| many Miles did each of them g? | 

| 224. A certain Meſſenger goes 6 Miles every 
Day: 8 Days after, another follows him, and he 
goes 10 Miles a Day. In what number of Days 
wilt he come up to the firſt? .. 47 ay 1 
* 25. A certain NMeſſenger goes 6 Miles a Dly: 
And after he has gone 56 Miles, another follows 
him who goes 8 Miles a Day. In how many Days 

in be come up to him? 4 2:8 Jags > 
5 e enn enttol9 zs mid imo 


N - 4 SS 
+ 4d a en. * 18 oy 12251 
4 2405 - $34 \7 4. — — 4 > 2 4 4 # SS a T7 26. One 
: 4 14 . 7 2 
— 80 4 . — - 2 # 0 & of 0 & £7 y - — 210 
10 } 4s | — 
+ 
—— 
9 V _—— 
. 
s © 
—_ þ 


Problems or Queſtion. . 57 


ud 
26. One bought 3 Books, whoſe Prices were 
in proportion, as 12, 5, 1: If the Price of the 
firſt be doubled, of the ſecond trebled, of the 
third quadrupled z, the Sum of theſe Products will | 
as much exceed” 106 Imperials, as the Sum of the * R 
Prices of the greateſt and middle is below 5. | 
How much did the'ſaid Books colt: 4 Gp/ 4 155 
7 S. | Ns 
27. Suppoſe the Number 50 werd T6 be di-, 


ded into two parts, ſo that the ter part be- 
ing divided by 7, and the leſs multiply d by 3, 
the Sum of this Product and the former Quotient 
may make the ſame Number propos d, which 
ms z. ee, x0 = 44 


28. Let the Number 20 be diyided .into two 
parts, ſo that the Square of the leſs part being 
taken out of the Square of the greater, may leave 
the very Number propos d, which was 20 [ or 
may leave the double, treble, &. of the Num- 


der propow01-7 0. 98 8/0 
29. If a Man gains 30 Imperialsa Week; how _ 
much muſt he ſpend a Week to have 560 Impe- 
rials, together with the? L nce of 4 Weeks re- 
TTT 

30. A Eahourer, after 40 Weeks in which he 
had been at work, lays up 28 Imperials the 
pay of three Weeks; and finds that he had ex- 
pended 36 Imperials-+ the pay of eleven Weeks. 4 
What Pay did he receive a Week? = 2. dn joel 


"a3 4 


Od 


31. In 


Problems or Queſtions. | 


31. In the Re Tal 
gle Triangle ABC, i 
given the baſis AB 
9 and the differen 


le Triangle 


ABC, is gives 
the Baſis AB=ay, and the Sum of the ather Side 
AGIPEESS: neee AC, BOM 


* , 
& 
| . | 
* h 
: 
: * A 1 [ 
* , 
W;- 25 
* 
N 
3 
% 
* : 
by 4 
4 . * 
5 "4 
3 | 
_ * > 1A, 


- 


+157 94 3s mitts! 
| | : 1 
2 1 7 19427 


1 #.. YL 
Oo 
— 2 
. , * be — - 
5 
# : IF 
; * 
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—_ 14 1 
- 
. 
* 
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Ae, ne 


33. Soppoſe two. © 
dau Towers, AB we, 
C, i bigh, an CD 
\B the diſfance A be 
nel feet. A Ladder is who 


ſet upon the hone AC, 
at ſome EL ſe 8 


in E, of ſuch a lengths. 
25 from thence it\may 


reach the &þ of both : We 
the . re- 

quire the 10 5. i A 7 B 

We line of ence, g the lam of the Lat 
der * 9 


8 nes n 


Of two 22 Triangles,which haveequal ? 
DOING the Baſes, and 
height of 2 _ beser th forera 
es W er Hypothenuſe 


— 
ard, 


a 
- 
* 
N. 


31 


— T7? 


2-1 e ABC, the freer, ſides 
AB=13, 725 14, a ch. are giv and the 
perpendicular BD co Rei the 


ems ofthe Ba AD, DC... 


. 


bo Problems or Queſt ions. 
35- In the obtuſangle Triangle DEF the ſ 
veral ſides are given, viz. DE 11, EF 13, DE. 
and the perpendicular FG, being let fall apa. 
the Baſis produc'd. Requir d the provngacion * 


the Baſis EG. „„ 

, FC | We 

f e an 

of 

D 

D 

| 75 A] 

„ It. E 7 8 

” 36. In the Reftangle ABCD, is given the dit th 


ference between the bt 

Length AB and the Di es 

agonal BD, that K a 
 DE=2; and likewiſe 
the difference between 
e the Breadth AD and 

the Diagopal BD, that © 

is, FB=9. Requir'd the ſides of the Rectangle of 


AB, AD. =F,AB=/f _ 50 


37. In a Rectangle DEFG, theri right line DK is N as 

drawn from "the Angle D to ea 
the oppdſite ſide, cutting the 
_ Diagonal EGatright Angles 
inH: And there is given 
the ſegment HK=2, and 
HE=16. Requir'd the ſides 
of. . R — | 


26 T; DEAE =: | 
38. Let 


1 


— 
> £ 


Problems or Queſtions. 61 


38. Let there be a Circle, whoſe Diameter 
is AB, which ano- Narr 
ther leſs Circle whoſe 

is AC, Diameter 
touches within in A: 

and from the Center 

of the greater Cirele 
D, draw the radius + 
DE at right Angles to 
AB, cutting the Peri- 
phery of the leſſer 
Circle in F. Now 
there is given BC 
[the difference of the 
Diameters] g, with * | R 
the Segment EF=5. - Requird the Diameters 


AB, AC of the ſaid Circles AF o, A C 41 


39. Two Companions have got a parcel 'of 
Gninea's ; ſays A to B, if you will give me one 
of your Guinea's, I ſhall haye as many as you 
will have left. Nay, ' replies B, if you will give me 
one of your Guinea's, 1 ſhall have twice as many 
as you will have left. How many Guinea's had 


? " 
each of them? A 20 BZ 


40. A certain Perſon bought two Horſes, with 
the Trappings, which coſt 100 Florins; which 
Trappings if laid on the firſt Horſe A both the 
Horſes will be of equal value: But if the 


Trappings be laid on the other Horſe, he will be 


double the value of the firſt. How much 
the ſaid Horſes coſt? : 


en 


- 


S : | 
975. B = 50.TrapY- 16+ 41A 


_ 


* 


3 


_ 


62 Problems or Queſtions. 


| 7 A Vintner has two ſorts of Wine, viz. A 
and B: which if mix'd in equal Parts, a Flaggoq 
of mix'd will coſt 15 Stivers ; but if they be mix i 
in a ſeſqui- alter | 97 amy as if you ſhould take 
2 Flaggons of A as often as you take 3 of B, 
Flaggon will coſt 14 Stivers. Requir'd the Price 
of each Wine ſingly. 4 = Lv B = 70 


42. A Son ask'd his Father how Old he was; 
his Father anſwer'd him thus, if you take away 
5 from my Years, and divide the remainder by 8, 
the Quotient will be 5 of your Age: but if you 
add 2 to your Ape, and multiply the whole by 3, 
and then ſubſtra& 7 from the Product, you will 
have the number of the Years of my Age. W hat 


was the Age of the Farher and the Us 


43- To fiad out two Numbers, to the Sum 
whereof if you add 6, the whole ſhall be doable 
the greater; and if you ſubſtra& 2 from their di . th 

ference, the remaiader will be half of the leaſt. tt 
1, emf [A _ 

A. To find two Numbers, the Product where - p. 
of is 240, and he triple of the greater divided 


by the leſs is 8. -, | 258 
152 3 et of 


me 


Problems or Queſtions. 63 FP 


46. Some young Men and Maids had a reckon- : 
ing of 37 Florins to pay for a Treat, and this * 
was their Conditions, that every y Man © 

ſhould pay 3 Florins, and every Maid 2. Now, #1 + 


there had been as many young Men as there IN 


on reviewing his Army, whoſe Foot was thrice N | 


Maids, obſerving the ſame conditions, the reckott<£ & 
ing would have come to Florins lefs than it did. 
How many young Men and Maids were there? 

47. A General, who had fought a Battle, up- 


the number of his Horfe, finds that the 
Battle {,—120 of his Foot had deſerted, and of 
his Horſe 20, beſides 4 of his whole Ar 
were ſent into Garriſons (reckoning the Sick a 
Wounded), and 4 of his Army remain'd; the reſt, 
who were wanting, being either ſlain or taken Pri- 
ſoners; now, if you add 3ooo to the number of the 
lain, the Sum will be equal to half the Foot, he had N 
at the beginning. What were the numbers of each ? 
48. LTodivide o twice into two parts, tha 
the major part of the firſt diviſion may be treble 
the minor part of the ſecond diviſion; and the 
major part of the ſecond may. be 
part of the firſt. T SO 
49. To divide 30 twice into two parts, fo that 
the major part of the firſt diviſion with the minor 
of the ſecond may be 33; and the Sum of the mi- 
nor parts ſubſtracted from the Sum of the mier, 
may leave 14 remaining. Le = 2% 19) [741 
o. A Man, his Wife, and his Son's Ages make 
up 96 Vears, ſo that the Husband's and Sons 
Years together make the Wife's + 15; but the 
Wite's aud the Son's make the Husband's + 2. 


0 
2 
Q 
d 
% 
0 


1 


What was the Age of each ? 


* = 2 7 » 4e. 3.4 


0 


* 


EN Three 
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077 
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240 da%90 2 


£m 
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* 
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64 Problems or Queſtions. 


Ji. Three Merchants from three different Fairs 
meet together at an Inn, where they reckon up 
their Gains, and find them the Sum of 780 Flo- 
rins. Moreover, if you add the Gaia of the firſt 
and ſecond, and ſubſtrat the Gain of the third 
from the Sum, there remains the Gain of the firſt, 
--82 Florins; but if you add the Gain of the ſecond 

and third, and from the Sum ſubſtraQ the Gain of 

. the firſt, there remains the Gain of the third —43 


Florjns. What "was the Gain of each? 
4 = 316, 179, c = 
52. Three Pe 8 A, B, C, owe a certain 


Sum of Mony, fo that A and B together owe 210 
6 Florins; B and C, 290, and Cand A 400. What 


die each | of them A 2240 — 


I = To find three 3 ſo that the firſt 
; and half the remainder, the ſecond and 5 of the 
remainder, and the third and 5 of the remainde 7 


may always make 34. a= /0, Ce = TH, 4 ** 


uares: we are to find and diſpoſe the Neb 

7 the ſcveral ſmall Areas, ſo that the Sum 

of every three, taken either laterally or diago- 
nally, may be always 15. 


55. LTheorem] Let any Numbers whatſoever 
be given, if you ſubſtraQ every leſs Number from 
that which is the next greateſt: I ſay that the 
Sum of thoſe differences is equal to the differ- 
ence of the greateſt and leaſt Numbers. 


Ts 5'S nee, 
16 L,, — 


4 E 54. Let a Square be divided into 9 ſmall 
2 5 
(1s 


————_ 


: 


— 


| 
| 


6 8 


0 F 
Quadratic Equations, 
And their Solutions. 


10 ere are three Caſes or Forms of Quadratic 
at Equations, as follows : 
ft The Firſt Cass 
he 
ill > 
TS 
m 
O- 
Proof or Reſtitution. 
er — — r 
m e "piles 
Ee rem — 
6: AHA 
8 "0 R — | ax ' 


F E | Demon- 


66 Problems or Queſtions. 
Demonſtration of the Firſt Caſe. 


Let AC=Za, and AB=6b: which being ſet at 
right Angles in A, upon the Center C, with the 
Radius CA, deſcribe the Circle ADe, and drawing 
the right line UCB, make upanit the Square BD 
FO = draw likewiſe cH parallel to the Line BG. 


l 1 For Caſe, 
l | +4 1 J 1. and 2. 


- 
— 3 pe 


1 ſay, 1.) That x*=ax-|-6?. For firſt DCe=4; 
and DF=x, make the Rectangle DH=ax; and 
then (by the 36. 3.) the Rectangle DBe [that is, 
GBe]= the Square AB, that is, #2. - Therefore 


Ia, 2.) That x=v3,2 542-34; For the Square 
of Aci, and A of AB=#*: to which (by the 
47- 10 @ of BC is equal; therefore BC = 2 
add CO=CA= ; 4and BD wil =BC+CD. That 
is, 2 4. & E. D. "A 


528. 


Jg 


The 


— | Land The "oo 5 


Solution —7 mult. 3 


* 
„ 


e it th ee 


The Figure being conſtructed as before, Fe 
Bx; whence Date; the Ive L de- 
ſcribed upon B. 


I ſay. now 1) That .- ax, For GBaiDB l 

See, and LBS B=; therefore l. D; 

which together with KL=B= = GK | | 

So. Therefore Ge [chat i» GK af 3 
SNN. very , nin 

the foregoing Caſe = @ of AB=62 ; per will 

= and e 


Fa. dr 


68 Problems or Queſtions. 

I fay 2.) that x= /TZTT—4e. For C= 
and eB=x, whence CB= —t4+x=vIZTÞ 3 
the foregoing; and therefore x= Vie 


UB 

E D. | 

Oy pe 

. — — e — m 
The Third CASE. 


x2 = as — * 
Solution 3. mult. 
5 Ly 75 
"2. 
2 fo ons The greater Root, =BD 
and n= — The leſſer Root, =BE 


For this third Caſe has two true Roots 3 of 
which ſometimes the greater, ſometimes the leſs, 
and often both will ſerve for the conſtruction of 


the Queſtion propos d, as ein will teach us. 
E Proef or Reftiretion | | 
"+ + ae” | 


% * 
N 
— Q * 1 
* - 
| FI} 
6 4 
e . . 


Problems or Quaſtions. 69 
ene of te ue. 55 


inthe following Figure, let AB and AC=6. 
upon Fa derne 10 88 g lax off AC kr | 

ipheria, a w * Mug produc d, 
ns CD, and alſo Ce, = rh 
Now (1.) let DB=x, the greater Rae! » upon 
which DF being made will =x*. Then let H 
be drawn rallel to the line BF „meeting GF pro- 
duc d in DH will x. 


den now 0 that re SF 
by the 47. 1 and conſtruction 
N "A For Cate 3. 
of 
1s, 
of 


70 Problems or Queſtions. 
Square CL, it will 2. . Wherefore the 
gnomon KNB will : but BH is equal to 
this gnomon, which is'thas demonſtrated. Draw 
the Diameter CN, then the cOMPements. M 

L are equal (by the 43. 1) but alſo BOK= 
For if BO=eN=eC be taken from BF BO, 0 
=BC=BL will remain: Ang fince, alſo BOH i is 
Sto OK, DBH will = the gnoman KNB=#F; 
and n DF = tei , that 
is, & 4x . tubal 1 


But (2) let Be, AE, nt" the tef Root! 

upon which the Square BY being made will S *, 
and Des ar: from Mhich if you take away 
g, there will remain Bs pfl Whence 
the reſt eaſily follows. 


AA aa 


k ct od 


4 


ww ME \s 9 
4 "OO? OATS q 
; 8 

5 4 

* 

q / 
| fi 
| L 
1 
Probl. t 
0 = x N 7 
4— 1 31 „ 4 1 3i:3 A 1.3+»9 1 f 


Problems Ahn. 7¹ 


Probl. $6. To. kad a Nombic, Ghich K anch 
tiply d by 6, and the product ſubſtracted from | 
Square af the Number to be found, the 
der will be 280. RP 2 © |; 


57. T6 find a Number which being multiply d 

4 $4. 8, and the Product added to the Square of the 
aber to be found, „ x aha 

53. To divide 140 into two parts, ſo that 2 

Produ& of thoſe parts may = the Square of 5 2 


that is 3136. flog. fz x 2 U 


39. Let 969 Soldiers be drawu up into an ob- 
long Battle, ſo that the difference of the greater 
and leſs ſides is 40. Requir'd the Number of the © 
Soldiers of each rank in cogth and breadth ? 

= F7K/7 = 969 

1 60. Again, let 480 Soldiers be drawn up into 
an oblong Battle, ſo that the Sum of the greater 
and leſs fides is 52. Requir d the Number of — 
Soldiers of each rank in length and breadth. | 


12X Jo 24 x 
2 
S116 the Square 


2 BCD i gen n the = 6 


nal and the ws 1 
is EC=6. Requir d 
the ſide of the Square. 


Problems « Queſtions, 


S2. The ReQ- 
angle EK is Mded 
to the Square DF, 
being of the ſame 
heighth; ] whoſe 
breadth. BL is 
ven =2, and a 10 
| 2 of thewhole 
end the f af che S 
=60. ul e . 
. a je DR, = eq e of the Square 
63. A Man buys ſome Ells of Cloth for 70 Flo- Nis 
rins; and finds that if he had 4 Ells more, he had 
then bought every Ell, 2 Florins cheaper. How 
many Ells did he bu 122998999 
e, r. 22 <7 — 
64. A ſet of boon Companions at an 
Inn, "he Reckoning in all came to 175 Shillings : 
but, before the Bill was paid off, two of them 
flunk away, and then the Club of thoſe that re- 
main'd 3 10 —.— wg more. Hon 
3 ere in Pany * A 
65 o divide the Number 21 | into two * tl 
ſo that if the greater be divided by the lefs, 


and again the leſs by the greater; and then the is 
firſt Quotient being multiply'd by 4, and the 


per by 259, the 3 * may bell 
Gel. e 


Erbe : 
FA Zerg x25 %% 


72 


9 $ 
66. Lit 


Problems or Queſtions. 73 


F * 
p 3 ; . 
* — L 5 5 
um 
* 


66. Let the line AB be divided in C, fo that 
AC may be 8, and CB 6: we are to divide 

ame line AB in D, ſo that the Rectangle under 
AD and DC may be equal to the Rectangle under 
AC and CB, or to the Product from 8 and 6,which 


is 48.  Requir'd the Segment D. 4, 


_ 


* 
a c 
[| , ; 0 1 
- 1" ha * * 
* 
- 


67. Let there be a Rectangular Garden ABCD, 
the length of which ABis thrice, the breadth AD: 
and reckoning 18 Pearches from B towards A, that 
is BE, and drawing EF parallel to AD, let the ares 
of the remaining Rectangle ED be given = 120 
ſquare Pearches. What was the length and 


desde . gf <3Jo ie | 


68. Let god Soldiers be diſpos' 4 into an oblong blong 
Battle: Which the Colonel willing to make 3 
1 | f N | 7 


/e, Vun 


74 Problems or Queſtions. 
der, finds that if he takes away 10 ranks from 
the length, he ſhall augment the breadth with 
two ranks. What was the Number of his Sol- 
diers through oe Aly rank in length and breadth? 


= 66 ® 


69. A Man buys a Horſe, which he ſells again 
for 56 Crowns, and gains as many Crowns in 100 


as the Horſe How < od he giy 
for the Horſe ?- 12 20 * 5 a 


70. A cestait LG Lidbes Draper buys ti two ſorts of 


Linnen for 30 Florins, one finer,the other courſer 
An Ell of the fineſt coſt as many Florins as he had 


Ells: and alſo 28 Ells of the courſeſt at ſuch 2 q 
Price, that 8 Ells coſt as many Florins/as one El 
of the . How many Ells of the fineſt Lin- 

nen did he buy, ay Fhat Price did he = for 

NEED 2/22, 4 © 

4. 

11 

50 

, 

— | 

! 

- I 


71. 1a a certain refiangular = Oh the length 
of which AB is 22, and the breadth AD is 1% 


the walk DG is to be made, in 4 
e f 
the 


el to the fides of the Figure, ſo that the ; 


. 


Problems or Queſtions;- 
the ſaid Walk or Gnomon DG may be equal to 
the remaining Rectangle FC Cor that the Gno- 
mon DG may be half of the whole Fi igure ABCD 


propos d. R 
mon DE, BG 


72. Of three . W there Th 
ett Term given =12, and the difference 
of the A 2  Riquir'd the Ex- 
tremes? Wii 


5 1 


73. Of three tional Numbers * 
he Sum of the firſt and ſecond =10, a the 
difference of the ſecond and third = 24. Re- 
quir'd the ſeveral Numbers? 

205-0 8:34 


74. of 8 Numbers there is 
given the third = as the Sum of the firſt 
and ſecond =; ; deſde the ſecond Number be- 
ing ſubſtracted fr * its Square, . the the remainder is 
to be the fourth. air d-the faid D 2 


. 122 


75. Of four Numbers in continud proportion 
there is given the um of the r 
likewiſe the Sum of the Extremes = . 


quird the ſaid Numbers [ſuppoſing that che fir 
vey 72. kgs _— 2 3 


76. 2 9 
Eggs together to Mar 
dere ole . took as 2 


8 


* 


N ez od 2: $2 


arcane y Problems or Queſtions, 
os < A [who had the largeſt, and conſequently the 


2 beſt Eggs] ſays to B, had I carry d as ma 
3. F ſhould have had 18 Stivers ra os. 


— 28 
replies, if I had brought as many Eggs as you 


2 173 B 
I ſhould have had but 8 Stivets for them. How 


many Bggs t had each ? 60 is in 40 «#72 


7. Two 6 A and B el their Con 
at different Prices: A ſells 20 Buſhels; and B re- 
ceiv'd for one Buſhel as many Florins as he ſold 

Buſhels: A perceives that if he had ſold as ma- 
ny Buſhels as B receiv'd. Florins, he ſhould then 
Have receiv'd 252 Florins; but both together re- 
ceiv'd 176 Florins. How many Bodels did B 


ſelf, and _ Price had A? 
| B. S . of at 74 ui. 


78. Tuo N ſell 21 Ells of Cloth : The 
firſt ſells. 1 Ell for as many Crowns, as is of the 
number of Ells that the ſecond had ; and the ſe- 
cond ſells 1 Ell for as many Crowns, as is J of 
the number of the Ells that the rſt” had. The 
Sale being over, they had taken 49 Crowns in all, 


How 27 di 05 each ſell, —. at what Prices 
£415 =? 7. e. 46 


D, 51 Two Mercha ats hows 2 parcel of Silk ; the 
firſt 40 Elts, the ſecond 90: The firſt ſells for a 
Crown 4 of an Ell more than the ſecond: When 
the Sale was over, they had taken between them 
42 Crowns. How many Ells IT of them 


fl} for e fert g "0 2%, = 


0 $6. To 
F  F 


on © as 


Nr 


— 


a 


Problems or Queſtions. 77 


80. To ſind a Number, to the quadruple of 
hich if you add 91, the whole ſhall be to the 
Square of the Number T1302 953 to 4: [47 */ 96 
* r 10 deen BICEW * 


$1. To find a Number, from the double of 
which if you ſubſtract 12, the Square of the re- 
mainder leſs 1, will be nine times the Number 
Sought. 22 -/2 &'=/90-{(=99- xg = 39 


SSN E 


9 ©, 
© 


$2. To divide the Number 19 into two parts» 
ſo that the Sum of the Squares of the parts will 
e l „ eim 

83. To divide 7 into two parts, ſo that te 
difference of the Squares, which.are 1 ry 
7 $ part, and the double of the 

* N75 ales; ms 8, Ay 81 —64 =// 4 

84. A Man buys a Piece of Linnen, and by 
ſelling it again, he gains 12 Floring - of ht 
he bought it for: And finds: by this means that 
he had gain'd as much for 100 Plorias, as the 
Linnen coſt him. What price was the Lange 2 
bought and ſold at ?. Bow 934 e & 8 alle 
S 3807 229434 e: e 124 NN 
85. A Man buys 18 Els of Cloth of different 
ſorts and colour, ſi red and black; what he 
bought of each coſt 40 Florins : And he pays or 
every Ell of red Cloth 1 Florin more than for t 4 
black. How many Ell of each fort did 33 8 


* 


22 


SFT 


= 


BES=nS 


fo g ” 86. * L . 
f — 8 - 

$ FP 42 2 . . 27 4 1 wo | 

- - 2 * - 


Found of Ginger more than Pepper. 


fron for 26 Florins, and what he laid out amount- 
ed to 188 Florins. How many Pound 7 5 
had he for 8 e how 7 PET erm ron 


, In how many Days will they clear the Debt, and 
_ how mach did each of INA 


13 Problemyor Queſtions, 


- $65: A Man buys 120 Pounds of Pepper, and 
4s many of Ginger: and receiv d for à Florin one 
3o that the 
whole Price of the Pepper came to 6 Florin 
more 'than the Price of Ginger. How many 
Pounds of each did he buy for a CSE 1 


AW ee. 

87. A Man $0 Pounds of P aud 36 
97 A Man buy $3 Pounds of Pepper au had 
14 Pounds of. Pepper more than he had of Saf- 


TE The Pt 


15 225 a 
ins a Day, and B pays the firſt Day 
Ria, "rhe cond, the third , and ſo on. 


220 © mn ao fs =O =o » = 


B pad in rt days q 


3 e 


ny Days as he has Crowns: It happens that eve- 


89. A 0 Man intends td Travel as mas 


7 following Day 


ny, as he b 


of his Journey he had 35 man 
ud the Day e two 


mmmh, 


9 


+19 


Problems or Queſtions. 79 


90. A certain Traveller Miles a. Day, - 
nd thre ee Days after another follows him, who tie | 
200 Day Travels 4 Miles, the ſecond 5, the 2 


doi third 6, and fo on, gaining a Mile 
1098 in what time will he Kg: _ 


wh, 


'r/ - 
7 91. Two Travellers ſet out at — 
from two Cities, the one from A, and 

30 from B, which are 70 Miles - 

ad another; one of them goes 5 Miles: cyery Day; 
af · ¶ and the other, 2 Miles the firſt: Day, 23 the is 
— I 0 LT a 
ron 
77 


— to as A er time will 
meet with one another 4 
Jr . : | | 
7 ga Tu Travellers ſet ont at the ame 
time cham two the one from A, the other 
from B, which are 120 Miles diſtant from one i 
another; the firſt goes 5 Miles a Day, and the 1 
other 3 Miles leſs than the Number of — 
which they meet. When will they meet 7 C 4 Ws Days 


* 
't 


2 


9. 
Travels 8 Miles a Day: after 
Miles, anotber ſets 


diſtance of the Places 725 5 
Poſt after fo many Days. as-is ; 


92914 Dis ea oll m 7.0 Mt Un 1 45 


To 94- Two | 
N 7 2 »\ 


* 


80 Problems or Queſtions. 


94. Iwo Merchants A and B go Partners, 8 
brings 420 Florins, and A receives out of the 
gains 52. Florins, and the Sum of both their 4 
Shares is 854 Florins. How much did A bring, 
and how much did B receive out of the gains? 
8/2: 52:42 20 


- 95- A Son asks his Father how Old he was MW. 
his Father replies thus; If you take 4 from my 
Age, the remainder will be thrice the number of. 
our Years: But if you take 1 from your Age, 
If the remainder will be the Square Root of my 
Age. Requir d the Age of the Father and Son 


toms: [5. 49 


n | Numbers, the Sum 
Squares may be 317, and the Product 
multiply'd by one another, 154 
5 Wes ., 


97. To find two Numbers, the Product of 
which may be 108, and, the difference of the 


Squares 63. 72, 6g. 


98. Two Farmers ſell two ſorts of Corn: A 
ſells 6 Buſhels; B receives in all for h& 20 Flo- 
rins: Now, ſays B to A, if we add the number of 
my Buſhels to the number of your Florins, the 
Sum will be 28: Says A to B, and if I add the 
165 Square of my Florins to the Square of your Buſhels, 
yo + © © the Sum will be 424 How many Buſhels did B 
ſel, and how mang Florins did A receive? 


[8 4, torr * 


. 
8 | 


whoſe 
they be 


2 
- 


Problems or Queſtions. 81 

99. To find two Numbers, the firſt of which 
4-2, multiply'd into the ſecond —3,-may pro- 
duce 110: and on the contrary firſt —3, mul- 


tiply'd by the ſecond -j-2, may produce 89. _ 


1 
— 3 
— 
— 


* 


— 


— 


1 5 7 
* * 
- — 
IA. 
> 1 ; 


- — — 


eu. 
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ables 


1111331 
1211728 


- ol - Joy — Sj, * _— 7 i 
Numerical Powers. © 


101 117 A 4. 


1681 
176. 
1849 
193 


28 21952 


WET 
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LINEAR ALGEBRA 


* — InOrdertothe | 


e Conftructidn 


EQU ATIONS 


i 


7 


ProrogirION I. 


To add 4 right Linegiven to 4 right Line given, 
N and find their Sum. 


OVppoſe r. are to be added; the s Sum i of 
apts Ts. 


7 
3 a _ 


o uw. 
From « greater right Line govitw- ts ſub ratt 4 
IE N and fal their Ane, fre : WBC 


bra 6 from 5; the diſſerence in be 


; 0 -— 2 — 
— ä 
AAA PROP. 
* S Ye " * 95 


* 


1080 


be 
P. 


| Linear Algebra, &c. 85 
Au x PR O P. III. 


To find « 4 third proportional to two right Lines 
Sven Land that 19 y . e | 


that 4 poſſable. 1 3 


| Caſe, * n 
1 1 Pry of the given Line, br * 1 very 
ſmall, ner very g. 
eln ide center B with the Aifdailce of the 
firſt Line AB, 1 the Semicircle Ac, 
in which place the ſeco 2 15 ves Iron, . 8 and 
n It beyond C Sant 
kcond Line 275 A upon he Do pr ig - 
Smicircle;, ſt uppoſe in D, 5nd. from D D, with th 
tiſt tance DX, 4 4n Arch being deſerib'd wilt der#? 


min the point E, in AC e and AR. wi 
be the chip 4 proportional Sou Das 2 : 4 vp 5 


B=a, firſt, 
Ws, ſecond, * 
third Line ©. 
AE=7 3 
*, Sopght:; * 


25 Sos 
16202 bit , / Ws. 


AB, firſt, 
BC, ſecond, 
BD, third fought. 


" * — 
* 42 * 


— 


8 Liner Algebra, &c. 


- But as concerning this firſt Caſe, viz. where 

the difference of the given Lines is not immode - 
rately great, ſeveral commodious Expedients may 
be made uſe of (as in the fourth Propoſition fol- 


lowing) but not ſo in the other Cafes. 
NEE. 2 
If the difference o the given Lines be vaſt at. and 
tze fit is greater than the fr” = : 
With the diſtance of the firft Line AB. fron 
the point, B make an Angle of Co dees ABF; 
from hoſe other leg BF cut off the ſecond Line 
BC, and draw AC, Nom make AD= the ſecond 
line BC, and from the nt D, with the diſtance 
DA. (or, any other) deſcribe another of 
60 deg. AD, whoſe other leg DG will be cut 
propor- 


by AC in E, and DE will be the third 


ou 
— 60 um. 


* 44 
: * * 1 1 7 
-4 4 „ 
3 * N 5 
. 222 18 Caſe 
« 1 a 
3 * wo * 
LL 44 Ly 


Wm” © om cu. 


88 Linear Algebra, &c. 


P R O FP. IV. 
Three right Lines being given, a 4 forth 
a 1 


* Caſe 1. 


I 16 r nd vibe of 
reſt) th © ce * 8 extraordinary great, 
„ j the n e e of th 


, reſt. to, an,. 


the Md of the” feſt Line AB Sol 
the point B deſcribe the Semicittle ACF, 
. 
uce,ir infinitely : ce ird 

from the point A upon the Diameter r the” Se⸗ 
micircle, * in D; and from D, with the 


. 


diſta an Arch bein deſcrib'd will deter- 
min the E in the Line AC produc'd, and 
AE will the fourth proportional Sought. 
Fd Wo g 18882 4 AA 
Fg \ % : HL SSIS S * 7 4 
ABA, firſt; 
Act, cond, 


3041 +0 Caſe 


S822 


Linear Algebra, &t. = 39 
Caſe 2. 


If of the given Lines ( (ſuppoſe the firſt or eicher 2 the 
" reſt) the difference it extraordinary - 52 


firſt be g. than either of the re 


With the diſtance of the firſt Line AB, he” 
the point B make an Angle of 60.deg. ABE, from 
whoſe other leg. BE cut off the ſecond BC, 4 
draw an infinite right Lige from the point A thro) 
C: Now. place the third Line from the point A 
inD ; and from the point D, with the diſtance 
DA. (or any other). make another Angle of 60 
deg. ADG, whoſe other leg DG will cut the Line 
AC produc'd, and DE will * the fourth propor- 
tional Kr | 


— 
. 
* 1 
7 * J. 
- 


. , \ %. af” 
A” 22 \ E - 
AB=s, feſt, act 1 — a * - 
_ ſecond, - „ '% | 
D=c, third, 


92 fourth Sooght. 4 


1 bus Ani d: 780855 


Tig if the Erit is nett CIDER r | 
reſt, but then either of them only, as in this 
place the operation will proceed commodiouſiy ac 
cording to Caſe 1. viz, che endend ber 
ug chang d 1 (201072 22 8 PP: 

210021b9q2 dus 52572525 21 olga 12. 


by 12 8. R Cafe 
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If the difference of the given Lines [of the firſt and 
T 5 N 9 the 
" firſt be the of the two. TOE 


1. From B, the end of the firſt Line, with tl 
diftance of the ſecond BC, make an le of 60 
deg. BFC: and draw an infinite right Line from 
the point A through C. 2. From D the end of 
_ third, with a ſufficient diſtance, make Ano- 
ther Angle of 6o deg, GDH, e 
the right Line DH till it meet the infinite Line 
AC in E, DE will be the fourth proportion 


OD > BD > 


» 91 ' 4 ma 
 # — , " . * Ss $4 - , 5 


AB firſt, 
BC=b, ſecond, 
AD=c, third, 


Or take the double of the firſt Line, and there 
will come forth half the Line Sought ; and then 


the operation will be often reducible to Caſe 1. 
S. But unleſs the firſt of the given Lines be ve- 
ry ſhort, generally the Practiſe (of this and the 


foregoing Propoſitions) by the help of an 'equi- 
crural Triangle, is accorate and — - 


- * 


* | * 4 A aun ui 
F la the mean the foll 
voted from the 35 and 36 ofthe 


* 
* 
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$. But we muſt obſerve, that not every one of 


the aforementioned ways are equally proper for 
the — ig every Problem, as far as concern 
the con 


of Demonſtration, but that for 
— moft 97 pare every Problem requires and carries 


2 dhe 20s its Fr peculiar conſtruction; bit 


ve a rezard at 1 to the 


— 0 — 2 + . 


E T7 . 
8 R OP. Wo ] 


5 Pn IN 4 , right Line into ano- 
ther right Line, ſo that the product may be 4 
Line Or 16 ſpeak Geometrically. 


Upon 4 « rig Cow to „ & ATeclangle; which (in its 
Numerical 1 . . bs — tp AY * 


-* Lins nk 


A 


r >» 10 1112.13 14 Ts | 


tt | 


8. In like manner may a quantity of never ſo 
many Dimenſion} de chmnpos d, which notwith- 


ſtanding ſhall xgpseſcprionly one Dimenſion. 7 


So likewiſe apy,quantity may be multiply d in- 
to a Line; ſo that the Product may be equiva- 
lent to a quantity given. | 


— 


208 2 


PROP, 


Pl; 


— 


2 18 


Lives ON. | 94 


: , 
Lia 'F — — 3 a 
b & * - — —— 3 


is: vi- SEED 
To multiply a given right. Lyne by a number. 


S if the given right Line AB were to 

be multiply d by 3, there will come forth 

2 the, right Line AG. 5 177 2 Oy Ati: 4 8 q = a | 
* 7 - T . f 

—d r— 3 275702 

A B Ao: 


, 
. * . : 4 
* 8. * ; p . . 21 71 1 * Ti - 


Pi hz . 


ts 
br To multiply 4 given Plamebytes Number. 
As if the: given Pl 
ne ply'd by 5, there will come _ the 
de Plain Ar. Den 1A nk 37. gi! ? \ 
rr 
N — — a — — 225 Wa 
E © | IST | ern 
* Dig dmg 4 „sent © 9 © 
INT, 42 362551 STM 
o . | PR O '». "va. — 5 Th $0 
1 : 2 29174 


To divide 4 given Planely « Line. 
[Whichis toreſolve a FraQtion into a proportion. 


Uppoſe A ee to be divided by 4 it will 
8 is to 4: ſo is bto | 7, or to 


— > — 


the Quotient Sopght =x 3 


Note, 


© 


42 - to be MER : compound ag 


Prov. IX. 
To divide a given right Line & at Lint, 


Lb the given 


e, whoſe other fide is Vaity [by x 

and then go according to the 8 fore- 

ma "Af you was to divide 6 by a me it be as 4 to 
b; ſo Unity = % | 


Pn o r. X. 
rr nnr 1 


8 if the ht Line AB were to be divided 
by 3, or the third part of it to be found. 
w CD to the given Line AB; and 
—— at any diſtance make CE, EE, and EF equal 
to one er and the number given. Laſtly, 
joyn CA and FB till they meet at G. After that 
joyn GE, EE, &c. and you will have the Line 
n as was e 28 


e n 2 


Pn 53 7. XI. * 
m. ges lee ee, 


GUppoſe th the propos d Plans AB is to be divided 
by 3, the Quotiedt mill be the third part of 


the Plain PI fuppoſe AC. 
J5 Li, 


” 4 1 j 
to I Wl | ; 


: P XI. 


Fo ch 4 given Plane into another, which 
2 8 ſide ; or to reduce a given 


Plain 10 « geven Length or Breadth. 
d 8 


poſe t be were to be chang? 
8 — Gite = the given right Line 4; or 


„Se were to be reduc'd to che length & | Rey 
at F quir'd'the breadth.» + 

ne Divide (by the 8 the i 

by the given fide d, and 2 — 

other ſide Sought; that is, let it be as 4 tob, ſoc to | 

a fourth =, = the ſide Sought, 

| $. Hence it appears, after what manner any 

a quarry ty of what dimenſions. ſoever may be re- 

| „e e 

ES. | 


Sup- 
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Suppoſt the quantity ach were to be transform d, 
ſo that the Letter a ſhall be found thrice in it, that 
is, the Cube of 4. Wherefore firſt taking the 
Square &, it will be as « tob, ſob to a third 4; 
whence ad =, and acad or aacd—ach'. Then 
furthet taking the Rectangle ca, it will be as 4 tg 
c, ſo d to a h z whence af=cd, and 44 
or 2 Hach, which was the thing deſir d. 


PR OSP. XIII. 


To expound 4 given Plain by a Line; or to 
change a given Plain into another which ſhall 
have the Ratio of « Lige (or as we common- 

ly ſpeak) to. multipiy one Line into another, 


according to any Line aſſum d for Unity. 


Ivide the 'd Plain by Unity, the Quo- 
tient will give the thing Sought." Suppoſe 
the Square ab were to be expounded by a Line, 
it will be as Unity, e, to 4, ſob to a fourth ; 
whence ef—ab, and alſo ef= the Line it ſelf * 
by the 8th foregoing. oo © 0 
F. Hence it appears after what manner any 
quantity of what Dimenſions ſoever may be ex- 
pounded by a Line, or reducd to a linear Va- 
lue. For Example, the quantity 4 is to be ex- 
pounded into a Lineeece. | 
- Suppoſe Unity =e, and firſt having aſſum'd 
the Square 4, it will be as e to 4, ſo à to a third 
Sd, whence ed. In like manner having aſ- 
ſum d the Square , it will be, as eto b, ſo b to 
a third , whence ef=b', and eedf=a'b* : there - 
fore at laſt having aſſum'd the Rectangle 4f it will 
be, as e to d, ſo f to a fourth g, whence eg =df f 
2 an 


1 
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and conſequently eg; and at ¶ me time 
eg=g numerically ; which was the thing deſir d. 

$. But if in the Example propos d L the 
uantity 4 itſelf be taken Unity, we ſhall 
3 compaſs our deſign, that is, by reducing 
the Square 6? only as follows: as 4 to b, ſo 6 to a 
third =k; whence ak=6b?; and further 2? 
abr==k. 


PRO P. XIV. 


To divide any given quantity by another, Cor to 
reſolve any Frattion into a proportion.] 


Caſe 1. | 
When the Diviſor has fewer Dimenſions than the Di- 
vidend. Which is ordinary Diviſion, as 


bt df a 
a) bg) abf-oft © 


Caſe 2. 


When the Diviſer 8 have equal Dimen- 
4* ac 


. 


Then in the dividend you muſt take in Unity 
by the 5 foregoing, which (for Example) may 
=e ; therefore it will be S , propos d; and ſo 
in the reſt. > 


H + Cale 


When the PTY has 4 Dimenſions than the Divi 


Then in the Dividend you muſt take in Uni 
as often as there is occaſion, ſuppoſe till the Di- 
vidend exceeds the Diviſor in number of Dimen- 
ſions. Wherefore Unity being ſuppos'd De as 
before, there will be plac'd | 


=, T= A & 


Caſe 4. _ 
When the Diviſor has fewer Dimenſions than the na- 
ture or kind of the E require. 


As if you propoſe = and the Quotient ought 
to bea Line. Thea in the Driviſor you muſt take 
in Unity, that it may be == =, &c. 


PRO. XV. * 


Two right Lines - being given to find «. mea 
| Proportional. 5 


* 4 and e be given; the mean , will be 
found hy the common Coaſt ructign, of 


And 


| F- ir either of 

ven Lines be 

5 . .* mall, take its 
double or 'treble; 


4 
and the alferchird 
part of the other, 
and ſo the ine 
| Sought will be 
cover'd, as before. 
For Example, 
Let 4 and f be gi- 
ven, the mean will 
be e, which found dans ways as en n 


215. XVI. 


oy — 


Mean proportional between the wid and 
breadth of the propos'd Plan [ſuppoſe of 
a Rectangle] gyes the Side ' Sought- 


PRO. XVI. 


7. find the ſide of 4 coves * which 6 is increas d 
or diminiſb d by 4 Plane. 2 


A* if there be OT a”; a dts, 


&c. The Guftruction is manifeſt from che 
the I. and 31 of the III. 


0 H 2 PROP. 
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N "Prov. VIII. 
To find the fide of a given Plane, multiply d or 
23 * dividedly a Number. 


S if there be given 347, 462, 3b, &c-- 
| The Conſtruction may be generälly per- 
form d two ways, dy the 47 ofthe I. and 13 of the VI. 


"En 'PrRoere. XIX. act 


' To find the ſide of a given Plane, affected as wel H- 
with another Plane as Number (according to 
the 17, and 18 foregoing Propoſitions.) 


* © 


/ | 1 
| S if there be given 243-|-46?, 5b2-|-4*—5c2, &c. 
The Conſtruction appears from what went 
ore. ht | | 5 
| of 5 a + bs Fri 


To fda the fide of any given Quantity which ti: 


es to two Dimenſions. 


As if there be given © 14 Wb &. Let 
be to , as c to 4; then a mean proportional be- bei 
tween b and q will be the ſide Sought. And ſa oiſſ ba; 


the reſt. ( 
p 5 by 
n ine 


, PROP 


Linear Algebra, &c. 1 


To amm the Square Rant from 4 given ii 


Uppoſe a Plane be made upon the given right 
Line whoſe other ſide 1s Unity (which ſome- 
times is requir'd to be determinate, and ſome- 
imes may be taken at liberty) and then 
according to the XV. and XVI.) a mean propor- 
tional between the ſaid Uaity, and the right Line 
propos'd, will give the Root Soughlt. 

But if the given Unity be too ſmall, take its 
double or treble, and on the contrary the half or 
hird part of the Line propos'd, as was hinted 
at the XV. Prop. | 


* 


PRO r. XXII. 


From 4 given Quantity of three Dimenſions to 
extract the Square Root. 
2 | | VHS) : 

1. CUppoſe V4? were to be found out, which, as it 

is nothing elſe but the Square from V= (that 

is ) and a, or a;; is the ſame as a; there- 

ot ore let /a be found by XX1.foregoing,which being 

multiply'd into 4 will make a Plane; by the XIII. 

be. being reduc'd to the Ratio of a Line, you will 
00 haye the Root Sought. - Shade? 

Or let the given Quantity 4? be firſt expounded 
by a Line, and then make the extraRion accord- 
ing to XXI. . 

x H 3 But 


OP 
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But we muſt Note, that for this kind of Ex: 
traction (as alſo in other Caſes of this Propoſi- 
tion) Unity cannot be aſſum'd at Liberty, but 
depends on the Quantity 4. 


2. Suppoſe 1 ab? were to be found out, which = 
the Square from b and 4/4, which being expound - 
ed by a Line you will bave the Root fought. il & 


3. Suppoſe Ve were to be found, which — the ( 
Square from / and /cd. Therefore by the XVI. 
vcd is found, and by the XXI. I; and let the 
Square made from thence be expounded by a Line 
by the XIII. which will be / Sought. | 
8. For exemplifying this dy Numbers, let 224; £ 


ba; 6=2 5 dB. 


PRO r. XXIII. 


| . PX | EY 2 
From a given Qutntity of four Dimenſions to 
extratt the Square Root. 


Note, IN this place likewiſe Unity is determined 
by the given Quantities, nor can be aſ- 
fum'dat Liberty. a 429 


1. Suppoſe Va were to de found out, which =#; 
and therefore let 4a? (by the XIII.) be expounded by 
Line, and you will have the Root Sought. 


| 2. Suppoſe a4? were to be found out, which 
Sab, and therefore do as before. 


S. & 


3. Sup- 
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3. Suppoſe bade were to be found out, which 


„ inquire 4/dc (by the XVI.) which with 6 
will form a Plane, which Plane expounded by a 


Line (by the XIII.) will give the Root Sought. * 


ſe /abcd' were to be found out; 1 


et likewiſe vcd (by the XVI.) and let 
S ages) made from both be reduc'd to a Line, 


(by the XIII.) and you will have the Root Sought. 


* 


XXIV. 


From 4 9 Quantity of four Dimenſions to 
extract the Bi- Quadratic Rook. 


The Firſt way by the help of Unity. 
Hich 6 a kerry, may be aſſum'd great 


or leſs at li for the true Root wil 
always come forth at laſt; and conſequently any 
Letter of that given Quantity may be taken for 


Unity, which wil make the Operation more com- 
pendious. + 


A general Rule for all Cafes, 


Firſt let the Quadr. of the propos d Quantity _. 
de found out (by the XXIII.); and then again 
the Root from chat Root (by che XX) which | 
aner 
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The Second way without Unity. 


1. For n there is no need of operation, for 
it 4. | 

2 For a, e = Vab a mean proportional be- 
tween 4 and b will give the Root Sought. 

3. For Wb?dc=by/dc a mean proportional be- 
tween b and Vdc will give the Root Sought. 


4. For Ma = cd, a mean proportional 
between ab and vcd will give the Root Sought. 


Pix or; XXY. 


From à given compound quantity of four Dimen- 
ſions to extract the Bi quadratic Root. 


HE: likewiſe as in the foregoing Propoſition, 
any Unity may be aſſum'd at liberty; but 
yet that Letter of the Quantity propos'd, which 
occurs oftneſt in it, will mot commodiouſly be ta- 
ken for Unity. 


1. For a. Aſſuming b for Unity, let 
a* be expounded in a Line (by the XIII.) which 
may be called f. Likewiſe let h be expounded by 
a Line, which will = b; whence ban, and 
b bias; and alſoy/bf=a, to which( by the XVII) 
the Root b == being added (ſince 6 is ſup- 
pos d =1) you will have firſt /j2,2-\-44, From 


which if (by the XXI.) you again extract the 
Root you will have geg z, Sought. 


Hence 
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Hence this compendium of the Conſtruction: 
From N the Root extracted by the * of 


—1 will give / Sought. 
2. For W. Suppoſing 4=1, &c. 


3. For Feat ace. Suppoſing d= 1, &c. 
- The gener Rule of this Propoſition. 


Let the Planes of the propos'd Quantities be 
xpounded by Lines, (by the XIII.) with which 
proceed according to the XVI. XVII. That is to 
ſay, for the Square Root ; and according to the 

XI. for the Bi- quad. Root 


Here follow the Canſtruftion 
. For WET Suppoſing b=1. 


h 

- 

t 

h 

J 

d 

) 

- 

" B Farther the ſame will be had if you ſuppoſe 
8 —=1, but by a leſs compendious Operation. 

e $. For 
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8. For 1 I. Suppoſing ⸗ * 


” It will be a=, now for bz, as 4=1 is to , ſo 
is h to r whence is gotten * F. from which the 


1 
Root again being nmel by the be of 4=1 : 
will give the Root Sought. : 


vb 


4 
s 
0 
\ 
4 


if 
he 


I, 
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$ For 99 Te Suppoſing 41. 


1. For be, as 4=1 is to db, ſos to . 
2. dad. 
Az Mean Proport. -between bc and d, 5: 
bed®. 


4. be as before. 
dec. 


6. Mean Proport. between be od — 
Whence 7. is had Vdc 


And 8. by the help of 4=1, / Sought. R= 
was the thing propos'd. 5 


AY 
\\p 


12 


AN 
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APPENDIX 


FOR 


Irrational N. umber s. 


Px o pP. XXVI. 


From any given Number whatever to extract the 
"Square Root Geometrically, according to am 
* Scale of, Wy <4 EY 


Yer 4 . by 

» * the £90 1 Number be eifel | 

A Mean proportional between any two E. 
drs (if the propos d Number has ſeveral 

Diviſors) will give the Root Sought. . 


EXT AMp⁵ LES. 


1. For 721. inquir'd a mean Proport. between 
3 and 7. 


2. For 4/30 inquir'd a mean Proport. between 
2 and 15, or 3 and 10, or laſtly 5 and 6. 


3. For 499. inquir'd a mean Proport. between 
3 and 33, or which is better, between 9 and 11. 


Caſe 


ſn 
m. 


FC 
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' Caſe 2 
If the given Number be a Prime. 


( Divide it into two or more Parts, as the thing 
ſhall require, ſo that thoſe Parts, as far as may be, 
may compoſe rationalSquares,or at lea tReQangles, 
and then proceed according to 47. I. Ge. 


— OY 0 
ann XxX A M PL E 8. 
Por vit divide 11 into 4. 4. 3, or 9 and 2 
13 13 9 and 4 
29 29 25 and 4 
37 72 25 and 12 
101 101 to and i N 16, 4. 


Further 8 2 moſt large Numbers, whether they 
be Compound or Prime, both the Operations may 


be us'd; as appears from the following Examples. 


or 4/700. Sobtr; 700 from 900 rem. 200; 
oboſt Root from Caſe 1. being: Sought, and qub- 


ſtracted in a Semicircle from y/ 900309 Ju wil 
Fa- Wl have what was requir d. 


ral 2. 46000. A mean Proport. between 60 and 
Ea will give the Root Sought: Or divide it as 
you may ice at the * Figure of the Con- 


ſtruction. 
een 3. For VR Diſtribution 1936 / +4 
| | 2401 v 4 
een 4337 abt 
| 4567 
een 230 23 
11. | 10 


aſe a Hire 
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Here follow the Conſtruct ions. 


— 


60 3 40 30 46 10 © 10 20 38 40 50-60 7% go 50 100 


F Or thus : 6000 


PROP, 


9 
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PR O v. XVII. 


A right Line being given to the Root of any 
given N. 1 find ary bt Line= he Br 
Unity, or another rational Number. 


UT the 


t Line given into as manyequal 


he 


) Parts as the given Number contains Uni- 
ties: and then find a mean Proport. between the 


whole Line, and one part of it; or between half 
and _ parts, &c. which will be the Unity 
Sought. 
Or, if the given Number be great, cut the 
Line in prorortion according to that Number, in 
ſuch a manner as that one part may = ſome Square 
Number: then find a mean Proportional be- 
tween the whole Line and the ſaid Square Part, - 
which will be / of the Square Number before- 
mention'd ; therefore this mean being cut into as 
many equal Parts, as the Root of the ſaid Num- 
der directs, you will have the thing Sought. -. 


i. Let there be given a right _-— 


Line 4=4/7- » 3 * 5 
* 4 
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2+ Let there be given a right Line d st. 

| Let d be cut in the 

— Proportion of 36 to 

"4 %, 25, both of which are 

F Square Numbers, and 

: p 5 then find a mean Pro- 

der. portion between the 

whole and the greater Part, there will come out 

436=6, or between the whole and the leſs part, 
there will come out /25=5- 


P x O p. XXVIII. 


A right Line being given = the Root of any gi 
ven Number, to find a right Line = the Root 
of 775 other Number propos d, and that wit. 
out the help of Unity. 


2 


Mean Proportional between the whole 
Line and between as many parts of that 
Line as the Number of the Root Sought, will be 


Vof the Number Sought. 


But we muſt cut the right Line given into as 
many equal Parts, as the Number given, (whoſe 
Root the given right Line repreſents) contains 
Unities (as was ſaid in the foregoing Prop-) Or 
rather, it is to be cut in ſuch a manner that one 
part ſhould = the other Number, Propos d, viz 


whoſe Root is deſir'd: 


Caſe 


OL 
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"> 


Where the Line or 4 Sought is leſs than that Given. 


Let there be given the right Line fr; find 
nd out another =4/3. "1 


Where the Line or . Sought it greater than that Given. 


Let there be given interchan eab u3 ; 
ole find out the 5. 5 geably A 


aſc ! THE 


- 
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— n . . a 


= w—_ mmm 
— a — ” 


THE 


Diſtribu tion and Solution of 
Algebraick Equations. 


7 . ay 


Concerning the laſſes or Orders 9 
Equations, an > I , formal æ of of thoſe 
Claſſes, together with their cometrical Reſ6- 
fe olution. 


ere are as many Claſſes, of Algebraic Equa- 

tions, as there are degrees of Powers or Di 
= ions in a progreſſional Scale of Quantities 
And every Equation is ſaid to be of as many Di. 
menſions, as are found in the higheſt Power of 
the unknown Quantity; that is, if all the infe- 
riour Powers are likewiſe in the Equation, ſo that 
it be compleat in all its Terms; for otherwiſc 
when ſome following Term or Terms are abſent, 
Equations arg oftentimes Ty to a more 
ſimple Claſs or Order. 


, | , | 
— . ©E# % A 6G» 4a — + 0 


CLASS ing 


F 


\ S9 


Linear Algebra, Sc. 
CLASS 1. 

Of Simple Equations or theſe of one Dimenſſn. 

N D of theſe there are two Caſes : 


1. Where x is equal to ſome Plane divided 

by a Line, or whatever is equivalent to it. 

2. Where x is equal to the Root of any 
Plane or w of any Plane-Plana. 


Of the firſt Caſe : (Which relates to abſolute or 
rational Quantities) the Forms are very ſimple. 

7 " 2 i 14 45 a | | 
„„ 

The Solution of which is perform'd by finding 
out a third or fourth Proportional, viz. by ſay- 
ing thus, | 2 | | 

1. As b to 4: ſoiss to a third =x-- 
2. As c to 4: ſo is b to a fourth x. 


Of the laſt Caſe : L Which reſpects irrational or 
radical Quantities] the Forms are very Simple. 


* 


„ 


1. > —— == 


t. I= A Likewiſe x4=d+* 
Whence x ==4 x =d _ 
2. x*=bd x. = A 
Whence x V x N 


Therefore the Solution of them conſiſts in find- 
ing the Square Root. | 


12 But 
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But in ſolving Queſtions very few Equations 
come out in ſuch very ſimple Forms, but for the 
molt part are compounded of various Quantities, 
which therefore are to be further handled, and 
reduc'd to the moſt ſimple Form. is 


Here follow Examples. 
In which the chief variations and d Form 


of the ſaid Equations (as they uſually appear) are 
contain'd. "Y 


2 And 1. In abſolute or rational Quantities. 


. d Whence 1. 
Solution: as b to 24: ſo is c to x 


Or: as ô to 2c: ſo is 4 to x. 


2* zex = be Whence x = - | 
” ' | 2 
3. 24x = 342 = 2 
ex+bx=26: 1 2 2s 

4+ ks c4-b tb: ſobto x, wo "=, 

. x Gal | = — 
OT. | 2 34 
6. dx—ax==242 xX=7= 

y. cx AT: n 


10. 20x=b?—a2 _— 
11. 34ax=2bc+dc TT = _— | 
12. dx Exe 2 = 
13. 2bX==ax==a%—Zab X = — 
— | 2—4 
2 2 * 34 
15. cx C2—42 x = A. 
16. Xx —-X == nee Penne? X = = — 0 
8 1 8 42 ＋H＋C 242 
17. ax f -A dr —24 5 Xe — 
: _y=__ \— 
18. cx=b 3 Ls 
* | 8 
1 bx==44 1 2 5 
20. x gab, ot 1 X=ab 1 
8 4— 
21, 2A —5 Xx = "20 


13 
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22. greg Whence 


24. dex—x==24þ g 
25. 
cx d- 

. WE} be? 


R ure 
: 8 
; badx = ae? 


33» 


34- Gl 


- MPa *bx==20" =p 2b*06\ 1 


4b*x—adx Sc 25 x = 


22%=34h Whence 


er 


bdx =c*a 


4—44— 242 
* 


In Irrational Quantities. | 


or * 
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35. L 4 | 
36. 4X*=$4%=43bc : 
37. X 2A, * — 
38. ax*=36* . 

39. x EKA 

40. 3*=a*þ 

41. 1 1 

42. - 2 ff 

43+ dN 

44 3X =- 

45- R N . 

46. XA 

47» acx©—b2d? 

48. bfx*dhx*=e*gh 

49. Px*—d*x*—fed? | 
50. PR <Sbdx? A- 2A 
7 51. XA bA 
z. 2 


33. X bed * = 1 Thedf 


$4. dx4-þ-x*== 423 
55. S g 4d 
56. b = ft a" * 


14 
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The Explication of ſome Caſes tothe foregoing Equations, 
Irſt, as concerning the uſe of Unity, we muſt 

in general obſerve that in every Equation 

t is requir'd, that all the Quantities on both ſides 

be equal in number of Dimenſions ;. for otherwiſe 
they can neither bear any Proportion, nor be 
equal to one another. If it happen otherwiſe, that 
is, if an Equation ſhould occur, which has fewer 
Letters or Dimenſions on one ſide than on the 
other, or where one of the Quantities is deficient 
from the common Number of Dimenſions, then 
for the ſupplying that defect we muſt always be 
| ſuppos'd to borrow Unity, and multiply it into 
the deficient Quantity as often as there ſhall be 
occaſion ; from whence if but one Letter or Di- 
menſion be lacking, that Unity will repreſent a 
Line ; if two, a Square ; if three, aCube. Where- 
fore by this means Equations of that kind are to 
be made equal every way in Number of Dimen- 
ſions, before they can be ſolv'd geomerrically. And 
this (as often as it comes to paſs) is a ſigu that 
the Problem is in it ſelf Arithmetical, and not to 
be determin'd but by Numbers: Whence it will 
be neceſſary, that to the given Letters or Lines 
certain Numbers be aſſign'd, by which at the 
ſame time Unity it ſelf (that is, the Line which 
repreſents Unity) will be determin'd. Or if Uni- 
ty be aſſum d at liberty, then the given Quanti- 
ties as to their Numerical Value, will always de- 
pend on the aſſum d Unity, and conſequently the 
thin 7 * will alſo depend; which therefore 
will be different for one or other Unity, ſo that 
ſometimes it will come out greater, and ſome- 
times leſs. | - Or 


” - 
- 


OBS EA REPROPOEDREAS OO, TESTES SonG Was 35>, 


Linear Algebra, &c. 121 
Or we may expreſs it thus; ſince, as was faid, 
Problems of that kind are in their. own Nature 
Arithmetical, and we are to endeavour to ſolve 
and expound them Geometrically, it will be ne- 
ceſſary that the Numerical Quantities be reduc'd 
to a Linear Form; by which alſo it will come to 
paſs that Unity itſelf will be a certain Line: 
Which therefore being multiplyd into another 
Line which repreſents ſome Number will compoſe 
2 Square; which Square notwithſtanding will have 
no * than a LI Power. See Prop. V. . a 
Alge | 


Num. 7. exams that by bebe pute 


ſervation cr IX d: whence Xx => * 

The Diviſor 3 is an . that the Prob- 
lem is Numerical. Whence either (i.) the Quan- 
tities c and d, if they be Lines, cannot be given or 
aſſam'd but under certain Numbers, by which the 
Unity it ſelf will at the ſame. time be known: 
Which if it be call'd e, the Example will ſtand thus 
cx-+ex=d*, &c. Or (g.) if we will aſſume Unity 
at liberty, then that very Unity aſſum'd by the 
Lines c and 4 will determia its Numbers, c&c. 


Num. 8. 1185 * aa 


. 
Whence(1 ſuppoſing a'+b'=f* Ore=4 u 


(by the XVII. Lia. Algeb.) it will be 
as 2b tof: ſo is f to x. 3 | 
Or (2.) As 26 to 4: ſo i is 05 add £6, yon 
wil have x, , Numb, 


/ 
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- Num- 9. ar =. n Gi 
| Ore=b42 


| Wherefore ct ) e 444 len 
As 4 tog: ſo is g to x. 


or (20 Asaty b ſo 165 to add b, the Sun 
will be = „. 

Or rather (3.) ſince the Quantity l ariſes 
from the multiplication of «-|-b into b,—it will be 

n 0b to Dm a. 


Nine, 10. zer L And — —— 


% er. nn an ere wane ſoisgto x: 
is 6 to e Whence 
Likewiſe, As 2c to 4: ſo is a to 7 n me 


39) By obſerving that the Quanti b*— is com- ¶ po 

0 by multiplying (-- into it will be N A 

1 2 to fe ſo is to ==x, 

Num. 34. * el. And — &b. 

1.) Supppoſe ab=4d' [by the XVI. Lin- Algeb;] 
| 4. * i 


2 As 26 to b, ſo is 


w 


ov 


N a 


Xe 


4 
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Or 2.) By obſerving the Quantity b'-ab ari- 
ſes from the multipl. As into b, the 
will be as 64 to &: 0 i r to l Wr 
Proport. between & and Kar 
Or 3.) Conſtruct a Rectangle Triangle 
whoſe © 45 AC may =3«-|-b(that is, AD 
, and DCI) and either fide about dee ene 
Angle [as in this place ABI =3«; for then the 
other fide about the Tight re 1 BC, —_ "— 
glx. 


Num. 33. . Aud — 
1. Suppoſe ab=d , it will be = 


: 2) As be e x: fs is» to a ieee 


mean Proport. between, 4-8 a 

3.) In the Rectangle Triangle ABC let the Hy- 
pothenuſe 88 and 5 it me 
AB=4y/ =. T Nas 
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8. . Whence x=vb. 


In this place either the quantity ĩs to be deter 

mind by a Number, by which Unity may be 
N or if Unity be determin d, the quanti- 
ty b will depend on it, &c. | 
NV. 42. A zabæ b. Whence 2 2 


Or ar -ab gab. Whence N 
Or by ſuppoſing a — 2 ; * N= 


1. Manner. Suppoſe Va—2B=f, it will be. 
As F to «: ſoisbto Fs. 


2 Manner. x == 
As d to b: ſo is b to 7 . Whence = 
Conſequently * 40 And x=vag- 


3. Manner, de ab Whence the Pro f. 
3 As 4to 4: ſo isb» to x*. © N 


IC” 
Dent, 


The Conſtruftion : Ia the — here drawn, 
let AB=d [that is, =4—2b] and BC=4, (that 
is let 4 and « be added) and deſcribe a Semicircle 
upon AC. Further, from B ere& a perpendicu- 
lar BE=b(thatis /b') meeting the circumference 
in D, then draw DC and parallel to it EF bein 


drawn to the produc'd Line AG, _ will = 
=X- 


— 


. 


1 * 


DL 


AF NA 


7 


* 


The Dehonſtratlhh. As AB toBC (that i od to) 
ſois BBD to BC, by Coroll. 19. 6. but as mBD 
to GBC, ſo alſo is ABE, () to mBF (==) 
by the 14. and 19. df the VI. Wherefore BE 
(that is ) is to ABE, — (that is, as 4 


to 4) and therefore [C the proportion above ex- 
plain'd) mBF=x", and conſequently B BF — 4 


6. Or more briefly thus: BD=v/a4,andavBD to 
BC: ſoisBE toBE. That is, as /ad ton: ſo is h̊ to x; 


RD 1 
whence xy ad—ab, and SE, and : 
then = but bas Jae SI becanſe d is 
ſuppos'd = = h; there returns therefore the 


Equation = which was at firſt N 
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Here follow ſome Queſtions or I 
"£5 Problem. 
\ 
"Now 3 ) la the Triangle ABD / 
the Square BD 
Bo YT 2.) In the Triangle BCD i 1 
z the Square 50. 
Whence 4 ——— 


And 2 ] n 
Div. 24 
— A 


Rx — 
24 
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. — a 
The ſame after another manner. 


Suppoſing all as before, let the 


And let C= = 3. will be 
DCD 


And AD=P 7 9 


2.) In the Triangle BCD: . 


— — —_ 2D Square _ 
Whence — — 
— 
And 1 
| 4 — 
i ax — 
That is, Sor 
* — — 
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2. In an obtuſangle Triangle ABC the ſides be- 
ing given, to find the perpendicular BD (falling 
without.) | 


"4 


Let AB 2 411 
BC =b=—13 
AC=c= 20 
BD Dx : 


7 


Now 1.) In the Triangle BCD: 


Pang = 
8 2.) In = Trian le ACD. 
— — uare CD. 


Wherefore b* — . 2 ͤ . 
And 24X c 4 6 
Div. 24 


— — 


- —4 — * 
4x == * 3 
Suppoſing the reſt as before. 


Now let AD — 


| Now 
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Now then 1.) In the Triangle ACD | 


e*—x* —= Square CD. _ - 
( 2.) In the Triangle BCD. 
Y = Square CD. 


Whence b'—x* +20 Sc xX 
And zx 
Div. 24 


= Clan 
24 


X 
* 


1 e * 


2 
your — — 


3. Two parallel right Lines AK, BL, being gi- 
ven, to draw a right · Line DC H through the point 
C given within them, which” may take off the Seg- 

ments AD, and BE, in the ſaid Parallels in a gi- 
ven proportion one to another, the Points A and 
B being ſuppos d to be given. 


4 
10 


| . * | 1 TE 
Let the given Ratio be 4 to f 
1 | 4 : 


* 


For becauſe the two Points A and B are given, 
we may draw the right Line AB, and CF paral- 
lel to AD or BL; as alſo AH parallel to the Line 
„o sought. 2 : 


K 


2 
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No by reaſon of the fimilar Triangles AFG, ABl 


AF FG : AB 75 
27 K: ** 4 — 
_—_ * 22 = 


add x HE, it will ——— 
That i 15 e 


SBE. 


Now then for obtaining the 3 
©: the wo ratio: ſo is AD to BR 


i 14 — — 
a 122 [+ N= 


-- 


+4, Flac, de 


whence x 


. e 
15 the proportion of the Equat 10 2 

wi 
as fe to c: ſais b to x tl 


Or more rightly in this Order: 
| as 5+ to þ : fois c{ato K. 


Linegr Agebra, e. 
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— 


T Triangles being giren upon che fame Baſe, 
and in the ſame Segment fa Circle, as ABC, ADC, 
to find the Segment of the ſides, AD, CB. — 


& £ Let £ — 29— . # 7 % 
<p &'7 
p — N | P, 


DC=4 9 wa 
2 EC=x | 
; Dubs al BR Deccge 94 H ud: bn 


Now by reaſon of the ſimilar Triangles ABE, DE. 


28 AB .. | 
44 4 = &: 4 X 


ch t : eee 
It gg 7 TPP 


Now if from 18 we ſubſtract AE 


there rem. e 


and rh bx | 


Lede ＋ 
whence 1 


n i — Ky n for the ſme reaſan 


a 


ll l 


$-? 
F 
— 


132 Linear Algebra, Kc. 
Now (for the Conſtruction) ſoppoſing <e=d} 
it will be x=acd—bdd = = 2 
Fs Tdf-dd 
further ſuppoſing * and 22 
it wil be x= 55 


: 


And thus the d Equatio is reduc'd to 
-the not ini om: 91 


—.. 


nn. 


5- Two Triangles 8 given upon the ſame 
Baſe, and in oppoſite Segments of a Circle, as 
ACB, ACD, an the Diagodal BD being draws 
and given, to find the Segments, AE, EC; BE, 
ED. 
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Now by reaſon of the ſim. Triangles ABE, D | 
1.) As DC to CE: fo is AB en BE IE 


- 


8 a = « | 4X 
bur no E488 24:7 | 
2.) As AB to DE: ſo is DC to DR | 
4 — x: d | Abds 
A 


Now if from BD=c we ſubtr. BR it will be 


ax cd - 


De 
as 
* 
B 
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- R * * = 
— — — . a 


6. Four right Lines N given, to find the 


Circle in which they are the ſides of a June 
teral Fi . 


For the difficulty of the Problem lies in find- 
ing BE and CE. 


Now then by reaſon of the fimilar Triangles 
AED, CEB, it will by 22. III. | 


1.0 po ah AE: ſb is CB to CE 


ä 
83 
Whence by = ad-+dx 
and y = ad-+dx | \ 
bY 
2.) As AD to DE: ſo is CB IG 
HS 
Whence cd-j-dy = bx 8 2 
and y =bx—cd | = 
4 


Where: 


Luar Algebra, &. 
e 
And further b"x-—bed= 4 
TP XA x=ad*+bcd 
13 D cd 
— —————— . a — | 
7. To find the diſtance of two Towers, A, B, 
** being given AC=4a, AD=b, 2 
CF=e. 


135 


=) 


l Now GE. being . 3 tq CD, by rea- 
ſon of the ſimilar Triangles ADC, ABG, twill be 


to 
k 8 N rg 
12 
to AG | 
-< | 


\ 2) As AD to AG: fois AE 
b * 4 2 4 
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Now 3.) By reaſon of the ſimilar Triangle: 
_ CBF, GBE | 
As CF to CB: ſo is GE. to GB 
e 7 An: cd d adftbs 
N + 
Whence ade-+-bex = acd--cdx 
and beX—cdx = 4cd-—ade 
and x. ==acd—ade 
| bed 


Proportion as eaſily as may be, and at the ſame 
time it may appear how the line AB ſought may 
be determin'd from thoſe which are given, we 
muſt take notice what Letter is oftneſt repeated 
in all theſe Terms; which ſince in this place it is 
d, as occurring in three Terms, we muſt take care 
that it be found alſo in the remaining Term [ be] 
and conſequently in all rhe Terms: Which will 
be done, if the Plane be be chang d into another, 
one of whoſe ſides —4, that is by ſaying, 


As d tob: ſo is e to the other ſide of this Plane, 
which fide may be call'd f, whence df==be _ 


and conſequently x — acd—ade 
L,"4 & £1 7 -; A- 
that is, ſtriking out : Xx . 
2 | fon 
further ſuppoſ: c... and . 
If will be x 4 
| b 


and therefore as to 4: ſo is g to . 
The 


Now that this Equation may be reſolv'd into 


{ 
bi 
AL 
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— 


| The ſame avother way. CAM 


R acd—ade 

For the ſame Fraction pron may be yet re- 
foly'd after another manner: that is by conſi- 
dering, that in two terms, cd is found, and in 
the other two, e is found: therefore if the Plane 
cd be chang'd into another, one of whoſe ſides is 
t the Letter e will be found in all the terms, and 
conſequently ſtruck out. . 


Let it therefore be, as'e to ej ſo is d to a fourth 
which call k, and it will be ck=ed. 


—— 


8. In the Triangle ABC, the Angle B being 
diſected by the right Line BD, there are given 
AD, DC, and BD; Requir d the ſides AB, BC. | 


8 ADñ = 

* DC=6 
BD=c_ 
AB=x 
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Now 1.) by 3 of the VI. it will be. 


As AD to DC: ſo is AB to BC — 
7 * bx 
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2 - -b— 


that | is bx: — dat — 
r 
| whence bx'=—a* Cmmgh* _ 
r 2 „ r 
that i Is Xx c nn = 4 ＋ e 
1 | 


and b'x*—a"c*=—#b*=a 


* u 
then Ur TNC e -ac bk 
. yay =; _ OS 


whence X = pn, ＋ 2 


— 


ä— . ——öngçoſ „ in es 


©. 4.4 eres . + 1 


a 


9. In the right angled Triangle ABC, havia 
deſcribed the Semicirele AEF, which touches — 
des AB and BC, we are to find- the fide A8. 
from the given Lines AC and DE, which is per- 

\ pendicular to BG from the center D . 


. = 


„ FC = 1 


Now 1. By reaſon of the ſimilar Triangles 


BAC, DEC- 
As AB to AC: fois DE to EC. 
n 6 ab 
ad = , 


2.) By 36. HI. ACH Ac. 


u The reſolution of which Equation 
mong the formule mention d 


a 10. Regquir'd a. Line. whoſe Square, Spare roger - 
with a Rectangle under the whole, or at * 
of It, N to a given Plane =. * 5 

— let the Lige ed =x | * 
a? ' $7 de 
of the Line = = le 
SEL K 
.. Wherefore x -+- x A 

RA Se it will be 
y "OP ns 
| mn. bt J 11. Let 
2992 9 10 An g 0 


er 
ct 
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I Let there be a Rectangle AC,whoſe length 
is double its breadth AD, 2 the Sum of 


Squares of AB and AD is ten 
Sides AB, AD. 


"48 


22 80— — 


— — 


their Sides: Requir d the 2 
That the Problem 


— — wy >\. ud * 
I; and ADA ABtwo- dn bm 
AD -AB, as g is to . ob- N 


Now let AbZ x 1 


a the Sam of the ae = =o} 
4 — © — 3 2 


whence from the pre ae it will be as 
8 i CofE HSE 


pres 5 15 e, 22253 
—_— dir. 2 Ei bn: * 


CLAS- 
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44 ani el ge tk >: 0 


3. Of goth digg u 91 


= 9 Aga alſo 1 
5 — * dil 2 17 we be nooner 


th being the ſame e en 
Ser ated — 


E moſt ſimple Caſes or Forms of thi 
Claſs are three: 


\ * 


8 g » " 4 1 
— 5 — 1 a 4 - * = 
— 144 $4 * N 4 
* = = * 
in OY 
. 
F » - 


'X \ r 23. x = A XRx — b . 
E: The Solufions of which ſeyeral feyeral Formal « are thus 
1.) x;= A = 
2.) x = Via; Ez 
— 4 
3.0 We . > en 
Where Now, That, this · third Formula has two 
true R tir gteater of wich x = —4-- 
Via FE F 


* 


2 * =O Th 


*2 480 
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But Uſe and Practiſe will tell us which of them 


is to be apphyd in any Queſtion; propos'd ; but 
oftentimes both * them y wall be a: in the Con- 


„ 
1 22 F= 
. — C%\ * of 


Farther, ' be Conftruftions ofthe ſeveral oy 


among the reſd.a are theſe, 


The xplication and Demonſtration of b ale 
wwe fall fre * * 


4.) 


De- 
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. 2 of the firſt Caſe. 


1 3 and AB=6b; which being ſet at 
right Angles in A, upon the Center C, with the Ra- 
dius CA, deſcribe the Circle ADE, and drawing 
a right Line DCB=x. make upon it the Square 


BDFG==x* ; 5 Meu farther EH N to BG. 


TY we 


I fay 1.) That & , For firſt DCt=s 
and Br, compoſe the Rectangle DH=ax; 
and then by the 36. II. the Rectangle DBe [| that 
is, GBE ] r the Ih AB. Wherefore 
ar- bK. 

F fay 2.) That x=4/£2:3Þ +a. For the Squ 

AC =, and AB; z to which (by the 47.1.) 
1 C is equal; therefore B 12 Add 
CE—CA=34 ir will be BD=BC+CD. That is 


& N 24. e. d. 
2 Fe 7 5 
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Demonſtratio of the Second Caſ. 


The Figure being conſtructed as before, now 
let eB=x ; whence DB=#+x, and the Square 
L deſcrib'd upon eB, ==". 


I ſay now 10 x*=b—ax. For GB=D = 4 * 
& LB=eB=zx; and therefore GL=De=a; which 
with KL=eB=x, conſtitutes GK = ax. There: 
fore © Ge [ that is D GK-+@eL] '=r-þax. 
Which ſame Ge, ſince it is ſnewn in the fore» 
going, Caſe = BAB=6;; it will be 2-|-ax=b*and 


x — 
I ſay 20 that = For C= 


& eB=x, whence CB=3a+x=v4-Þ by the 
foregoing, and therefore &ũ . 1 44 e. d. 


Demonſtration of the Third Caſe. 


In the following Figure let AB = 445 & AC=b: 
Deſcribing a Semicircle upon AB, let AC be ap- 
py to the Circumference, and joyn BC: which 


being produc'd make CD =AB. 


Now (t.) let DB=x, as the greater 508 


upon nch DF being made, will =z*, Further 
make CEC DAB, and draw H parallel to BF, 
meeting the Lines GF Frodac u in * it win be 
DH Ax. = 


* 4 + 4 #f 4 
- SES 


13 | 1 ſay 
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I ſay 1.) that 1 4 —& by 47. 1 and 
the conſtruction. 


Loa) OS LI For the Square CN 
made upon the fide Ce=24a, it will 1 
. 
uate 44 
— 2 which is hen thus: The Dis- 
gon CN - being — the Complements Ml, 
eL, will be equal by 43 · I. and to -L is = OH 
Fer if from BFB be taken away BOzzeN=oC, 
there will remain OF=BC,=BL : Whence ſince 
< 74 Oden G2 BH will = the Gnomon KN 


| nd conſequently B8kDF=@DH—AQ2BH ; 
that bs, e 4. e. d. 


Let 
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Let (a9) —— =#, as the leſs 
Root : upon which the Square BQ being made 
> CCI from which if we 

take away W BQ, the RS wilt — 
BH =. Whence the reſt is 12 


Farther, the C er Quadratic and 
« atic Equatiens are this kind, 
reduc'd to ſimple ones after the ſame man- 


Yor as be thi tel 


I. = 440% nn lf, And x 21. 
2. S 


. | 
Aſn BY , it will be 


CN 
Ei! 
the 
the 
qual 
Dia- 
ML, 
OH, 
2 py 
7 ſuppoſ. 5; ebe ad, whence 
BH ; x Range * 
I. 2 2 6+ 34 


1 


R, * e 
—— 


x x Te 1 


2% > =o > 1. 
518. e , 
U ee e 


5 , 
| - dx AF ' I by 
9. AX — bx* SET, 


— 4) whence 


« 


Ab = 247 ——=f E tes aka 


x Hy 
10. 45x =} er X — 2X HCA X- * „ in this 
face we muſt take notice that 4 
2ab is a rational Square, whoſe Root 
4—b being ſuppos d , | Thet will be 
45x = dx H Ac x > 5 2 


rn n? — further 


ref == fs EU twill be 
Lax + ak 


* 
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13» b?x2==2a6*X — c 5, 
—#b 24, . % + 6 us 
3 aber EEE bete. 


1 7 
I. „e = 20x — — 2bix + a * 
a: = bd; whence, {0 nn 


oot 
e du r E 
242—2h? — 
x? N ＋ bb | * 


1 be ber br =f bib 068-4) 9 
42 =g*; whence #9 


— 
£2 * 


blut. * 

e 3 whence 

& T= 

17. — 8d h26? 
firſt divide 4*s*—c24? by d*—c? 


. The Quotient will be , and ſuppoſing 
2 it will be 


WE 


FRA it win de 


* W at length 745 it will be 


= 
Here we might ſubjoin the Conſtructions of 
Quadratick Forms, but what has been of 
before, Prop. 25. Lin. Alg. and what ſhall be ſaid 
in the following Problems, fem ſufßcient for this 
Matter. 


"ot © 


S 


. 
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mne „ — IEICS 


Queſizons and pant les 
For adfected | | 


Quadratick Eau TIONS. 


Probl. 1. 10 divide the given 
| er and y the leſs 
, under the Parts 
to b given. 


— 1 
part, ſo that the 


arts way be equa 


/ 


The Analyſis Becauſe firſt by hy x-þy=4 —=s it WE 
will be pou. £. And Pe oe, xy=b, 
therefore it will be y= = therefore ſince —x=y 

— 8 
2 it will be ax—x*=S, or * A- 
Wherefore from the Premilles it will be x=544- 
7. And a 


Another way. Becauſe 1 : being multi · 
pty'd on both fides by x, it will r 
b. (by hyp.) Wherefore ax—x2=6, &c. 

Wipe * - oag The tefF part by 44 


we multiply into the grea 
the = fad be ax—x2=b given, by by 


eh ** "6 


L'4 
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Note. By the ſame 8 are Numbers 25 
well as 8 diſcover'd. 


Fs. E ample in * umbers. 

Suppoſe that = zo, and the Product zs, 
and æ the greater Number Sought, it will be 
20—x= the leſs, and conſequently x into 20—x, 
or 20x—x2?=36, and conſequently x2=204—36, 
Whence the Numbers Sought are found out from 
the nee Viz 

* 8 81 

and io -= $8=2 


, tio 

— | 3 the 
2 1B 

Example in Lone.” _ 7: 

— HY F B Suppoſe BG be divided i in WTri 
— F, ſo that the Rectangle the 


3 BF-|-FG may be equal to Cir 
11 # the! given Refangle . ne! 


To find this. Suppoſe BG=e, the zreater Seg- 1 
ment FG x, therefore the leſs Segment BF-will WBut 
ax, whence the D under the Seg- BE 
ments x in 4 — , or X4a—x= 

* W hence as before = + IFC 2 


aUd'7 5 oy 
» s *:KY ” *E. 


« 4 . 
„ 


The 
TY 
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The Demonſtration of all which is done at firſt 
icht. For adding and multiplying thoſe known 
quantities which are found equal to x and y the 
unknown, you will have both the Sum arid the 
product 4 and b, which was the thing propos'd. 

This eaſie Problem is drawn out more at large 
for the ſake of young Beginners, both that t 
way to what comes after may be leſs intangled, 
and alſo may ſerve for explaining the reſt. For 
which reaſon, we ſhall not think it amiſs to joyn 
the Geometrical Conſtruction and Demonſtrati- 


oa of It. 
Conſtruction. 


Make AB a mean propor- 
tional between the Sides of 
the Rectangle “; on which as 
2 Baſe and with Hypothenuſe 
BC=GB make a right angrd 
2 . 

Triangle ABC; laſtly, on B A 
the Center C, with the Radius CA, deſcribe the . 

Circle AED. I ſay that BD and BE are the Seg-® 


Demonſt. 1. By the Conſtruction 2BC=GB: 
But it appears that 2BC=BD--BE/; therefore 
BE and BD the two Sides found, are together 
equal to BG given. 2 ERS” 

2. By the Conſtruction BA'=b, but (by III. 
36 of Eucl.) 1 1 therefore the Rect- 
angle under the Sides found is equal to ò given. 


E. D. CEN 
1218 Probl. 


154 . and — 


| Probl. 2. The Produft and Difference of two 
tities _ given, to find them 


rah. 


Probl. To find 
355 45 rr) 


* Ben the flaw 2 continued. Proper 
tzonals, Fan pe 


Ader theit n to 
tronals.. Bus 


*, 7. Fay , be 

jv. pps is x, the Sum of 'the * 
- Gnas, and the Sam of the Squates s Bag 
therefore * 5 en be xx but e bylhy 
potheſis - Nb, wherefore 5 on one 


27 oa the other 2< will be x 7755 
＋ *, and conſequently x+zi= *. — 
aver er by hypoth. . 0 I 7 
— 
| & 


we: 4 7 will 7 


NN three cantinuml Pro- 
27 Sam of the Sur 


= — — 
Land the Sum of the Squares 
will by 


Probl. 6. The one 


F 


h. therefore ad- 
ng on doth en . een, 
=b, creo e 1 


16. 
1 . (a hog goons RI Terms 
_ _ Jeveraly. 
"Wl Probl. 8. — the Sum of for cw 
d.] r 
. n — 
ti 
of I Probl. 9 Et, bas. - 4 
? ˖ 8 
= her pare, | 
Te- 5 
* 
2) 
l. 


3 


— 
- 
No T 
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| n N " 


» being given, te 


# 8 
- » 
o * 
— 
7 
f - 
. 


*  * Queſtions and Examples 


jon; Let CA the half of An be ſet per: i © 
. to it, and CD=CB, and AB—AD. | W..: 
y it is done. 


Demonſtration. CA'--AB'=CB'=CD*=CA+- 

8 EA * (2CA) AB-+ (AD!) AE,, there- 

taking away on both ſides CA*|-AF. i in AB 

it will be AB'—AB'=AB.j in AB—ABX (AB-AB) 
BE. therefore AE'—BB in EB. Q: E. D. 


-* 


Probl. . To cut 4 given Line AB, ſo that the 
| Ws of the part AE may have 4 Kart 
tion, 4s r-to 8, to the Re 

er the whole avid the other part. 


Wh, os Let there be given AB ; 


the Part ſought AE x will be Th 
the other part EB—a—-x. 
and by hyp. AE. AB X E::r.5. ly 
i. e. ( n) 2. & 
loy 
ſu] 
* an 
1 nu 
12 tel 
1 Py by 
; — th 
> — 8 thi 
J dit 
i x an 2 by 
7 


— == — 4 


T8 © 
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Conſtruction 1. Let there be, as in the Sheme . 
AE. Ac, Therefore AC= in AR Ad 
ür 
„Wbence kx 

ConſtruBtion 2. Having deſctibd a Semicirele 
pon BA-j-AC, apply AF at right Angles to the 


Diameter, and let DA=DC and DE=DF. 1 
ſay, that AE is the Segment Sought. _ | 


Demonſtration. DA. (AE) CA in ADF. 
=DE2?=DA*-|- AE?-|- (2DA) CA in AE. There: 
fore (CA in AB—CA in AE) AC in (AB—AE 


BB AE; but by Conſtr. 1. Ac. in AB, 


Therefore 2 + AB in EB=AE?, and conſequeat- 
ly r.5 AE AB in EB. C. E. D. 


Note. That in the fol- 
lowing Problem there is 
ſuppos'da Rectangle Tri- 
angle, whoſe Hypothe- 
nuſe is noted by the Let- 
ters BC, the greater ſide 


by BA; the leſs by CA, the Perpendicular, upon 
the Hypotenuſe by AP, the greater Segment of 
the Hypotenuſe by PB, the lefs by CP, and their 


1 by DB, but the difference of the ſides 
y EB. 


Lemma 


Lueftions and Þ xamples 
Lemma 1. That the Square of the Hypotenaſc I 


be equal to the r fides taken to- 
gether. Eucl. I. 48. or BC BAA CA“. 


Lemma 2. That ſimiler Triangles, fuch as BAC, 
BPA, APC, have their ſides proportional which lie 
over againſt equal Angles. Eucl. VI. p. 8. def. i. 


Probl. 11. * 3 = the « EB, and the 


legs given, . * Fitneſs 


158 


kr 


The A. Let AP=e, EB=b, 
AC=y. By Lemma 1. it will be æ* = 


el 
| Ararat yn: "Therefore & - 


9 E270 
And by Lemma. Gn Os bro AP. 
and therefore ainjoJig e 


2A 
2yb=) x%-b2, 5 = Pro 
the Premiſles <1- e. ©. E. D. 


Pre 


Probl. 12. The of the ſides ABTAC, and th 
. 4 being Fre ro fi 


brawl. 13. Te find the 2 0 
1 5 n differenc * 14 
fir of th bes | | 


Prot 


for adfelted Quadratic — 


Probl. 14. To contract « Triangle, 


he 
— oder Wh. 10 DB, od 


Probl. r the given differenc oh 
4 ns 2 the * 2 


to find the reſt 


Probl. 16. From north fe of po 


1 AB be 


alternate 


EB, 


* 2 Alternate 


— PB wth . 


aud 


Probl. 1 17. The ſerene betmeen the 
, VIz. 
— Kc. 


2 Prob. 18. In the Fig 1d ander ae fie Ons, ; 
BD b, FE=c, Requir'd the Diame- 
ters of the ſe vera Circles, 
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The finding out of the Equation i is .caſy. | 


P 
And there will come out x? = + 
and ſuppoſing = = d, it will be 
Xx? max ad. 
Probl. 19. In 1 Reftan 1 ABCD, drawing the Lin 
AP at ri che Angles through . Diage- 
2 BD — given 3 a, and FC=b; 
e the figes of the SCA ie 
Let DF = x 8 
DA=y 


WE ſa the Triangle Ab 
* x2 


2.) Becauſe ADB, BAD are ſimilar. 


ng, | 
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Probl. 20, Upon the B of N | 
ABD #s deſcribd a Circle, and à right 
Line DH from the top D. drawn thro? 
4a given of the Diameter F, cur- 
ting the circumference in G; requir'd 

the length of the ſecant Line DH, and 

| its ſeveral Segments, as DG, GF, FH ; 
ine ſuppoſing that the Diameter of the Circle 
ge- | 14 14 wen: 


| Now 10 By 36. III. 
ilar! | HDG ADR 


R = HRG 


There will come out 


xi = rr 


then ſi uppoſing "ped —=f2 
and 2 5 „ it will be 
r* E N A e , * bp. 


i, AY * 
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Probl. ar. tn the Triangle ABC, demniting the perges 
dicular CD from the Angle C, is giver 
= >. vg har rhe Segments AB, 
and of the perpendicular CD, that in 
CEma, BF b, ether with the 


opertion he AC to 
1 2272 Tri 


; 


2. la the Triangle BCD - 
Ta + 6? + 2bx 


OP =2048 + 442+ 24x 
| FP =24x + 24bx--ab 
* 8 


Whence 3.) 1 2 2. 1 4. 24 bx40V 1 
24xX*+-4d' —24ax=24'x' 24 bx+4 


"4 


L 
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9 = 2 4 — 


For g ) 18 = 2f 


I == 26 
77 = 
$ x' 2 E 
This Equation belongs to Caſe 3. becauſe ad* 
is greater than «bz. 2 
= + o . 
| „ 


M2 


2304 | 
1080 ſubſtract 


2 35 — nearly 


1224 
100 


| © add. 


= 
— 2 7. 7 


Probl. 22. — given two quantities = a & b, 
er ro fd third = x. iſo that it be- 
ing added's a, the Sum may be a Square, 
"but the ſame being added to b, the Sum 
maybe the g of the ſaid Square; that ii 
Ax the - 2's 
| bir the fide of the Square. 
p bence b. Fr 2 Tb *. 


- Now ſince the quantity «tx ought to be 2 
_ there will conſequently be a ſuperficies 
two Dimenſions, and therefore ſhould be mul- 


t ply'd into Unity as a Line. Therefore aſſum- 
ing Unity =b, it will be 


 B+x"+2bz mab+bx 

& _ 4*R—bextab —6 
Whence z=vVi I =. - 
that is x = ab — IF tb 


Probl, 
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Probl. 23. The right Line AB, , being given 


12 

cut it ſo that the Square of the 

greater part may have à given Propor- 

tion, 45 à to f, to the Rectangle under 
the whole and leſſer part, © 


— , 


ie | cd [B 
X „ oY 
„X- 2 ax: 4” f, 
fa. HAN fr g 
F ARK 2fax—fa | 1 
5 E to * 
fax ＋ 2fax — fa L 
K that is, r 
N | 24 =2 
wy 1228 boi a". 6 


re. WO Probl. 24. In the Rectangle Triangle ABC 5s given 
the Sum of the Sides about the righs 
Angle, that is ABj-AC, with the 
height AD; requir d the Triangle. 


. 
Let AB+ AC = 4 
AD==6 


2 
es 
l- 
N- 


Qeeſtions and Exemples 


Therefore 1.) In the Triangle ABC: | 
OAB +. Dac = OUBC 

GAY T24) + a+ y—=24a9= * 
that is, 20429 1. n or HN = x* 


2 


176. 


4 a 
whence y* = 2x 4 
2.) By reaſon of the ſim. Triang. ABC, ADC. 


abt x: 07 a—y 
2 5 . 5 2 | 


whence bx = 4 — 
4 
and y=4 = a 


Wherefore 3.) 2x* —# = —4bx 

| 2x — AX ＋ 24 
T = -& 

x = 7 2 


- 
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The ſane another way. 0 
* 4 Therefore 1.) la the Triang, ABC 


2 =X* — 4 | 245 
LF =9 TID 


whence Y = via A Ie 
C that is 7 = Ar- 


2. Byreaſoa of the fin. Triangles ABC, / A 


[ Here we muſt 2 2 of the method of 
two Equations of the ſame Form; the uſe of 
which, as it ig very fine, ſo ſometimes it is whol- 


ly neceſſary . * 


Wherefore 3.) YH e 
and caſting away the Radical Sign, 


X: = — 2bx -|- 4 as above. 


F- So allo if there be given the difference of the 
laid Sides, with the height. 
M 4 Probl. 


178 
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(AC -AD -. 

Probl. 25. In this Triangle are given dB BD =þ 

D Se 

it is required to find the Sides and Height ſeveraly. 
Let AD=x 
BD 

',* AC=a-sx 
> 1 BC=b—x 
B © - DCSto—nxmy 


* D 


| Now 7 .) 8B AC—@AD=Z2BC—BBD 

a'4-x*—24x Gor nl 

— 

8 
; r. 

72 b'=—d"-+24ax 

2b 

Ee. AN- A 
e ＋ 
5 mw ICX = 20 
whence 72 SA - 2 
and 7 e * 


Wherefore 3.) e=x+/ —.— =b'= . 


255 


— 'þ2cx 
— 24K 
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—— — 
-x = N24. 2 

* | Pa _2hax= Fx 24 fs 

. FN N- - At, &c. 


Probl. 26. In the Rectangle Triangle ABC ave given 
AB=a, CD=b. Requir” d the reſt. 


1.) -B 
2.) - + AD 


3. * dA 
Whence will come forth 
Xx HUN 
0 X N 
8 * =VVIFartp | 
Note. This Queſtion may be foly'd an caver 


Way, viz. if we ſuppoſe AD=x : But here it 
ought to be for an Example of an Equation of 


: x7 


There- 


— | 3 
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| Therefore for the Conſtruttion, 


Taking b for Unity, it will be b & b., 
& V , & Mi; whence the Conſtry. 
Qion is eaſie as follows. 


. B 
- 


"Til 


; 

, 

; 
7 


* 
. 
* 
. . on 
N 7 E 4 "545 54 
- 4 = 5 - J = = 


* 


P 
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Probl. 27. A Triangle being given ABC together with 
a right Line KH, to accommodate that 


Sh, ® right Line ſo within the Triangle, that 
N it may (when it is poſſible) cut the Tri- 
angle into parts that ſhall have 4 — 
proportion. | 
Or it may be propos'd thus: 
In a given Triang — 4 given right 
12, that i may cu agi. in 4 


given 


Now 1.) To find CL by the help of the ſimi- 
lar Triangles BCD, HCL. 


bl. AR - K- T . 42 


* 


44x 


RX AM -Aabadx- San. 


Divide 
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Divide by 46? 


cx ＋adx = 2 9 
x' cx adx:-—4 ah: 
c2ad==f2 


x* S FX -A 
x' =3f* f De 


x EVEN 
For the Conſtrultion. 


Let there be enquir'd 1.) V (2) e 
(3.) aſſuming f for Unity, it will be 1 f=4 ft = 
VA. Inquire now (4.) Via, aud then (5. 14 
(by ſaying: as f= 1, to- 4b: ſo is ab to 240 
=+/44%?, (6.) / + gba, which (7.) add and 
ſubtr. 2 f=3f*. (8.) The Root being extracted 
from the Sam and Remainder by the help of f=1, 
will give both the Roots of the Equation = x. 
The greater of which is CM CR, and the leß 
CN=CH. Aan 


CLASS 


SNK KSS 


88 


for alſected Quadtatic Equations: 


”—O MW. * > SE” 3 


— 


. 


1 


notwithſtanding, by taking away 
Term, are reduc'd to three or four 
ure mark'd in the Margin, with their 
Numbers. 8 
* = ax + aps {| 46q 
* = mx — aps + 4a4q 
x = wx" ＋ apx + aq 
x == TY 
X = 2X — & — 44q 
x g ＋π 4px = 44g 
1. X * -þ aN + 4a4q 
2. X = * + apx — 44q 
3. x = * — apx + 449 
* * + aq 
x = mm * — aq 
x * +a 
Ph 2 + 4 


— 
_ 


— 


CLASS III. 
0f Cubic Equations, or thoſe of three Dimenſions. 
F theſe there are fourteen Caſes; which, 
the ſecond. 
which we 
proper 


184 Queſtions and Examples 


The Preparation of Cubic Equations and higher 
faves, in order to he Solution. . 


Which is done 1.) By reducing the Equation 
propos d to the moſt fimple Form. 

2.) By rightly diſpo ng and ordering all the 
Terms of the reduc'd Equation, as well thoſe 
which are known, as thofe which are unknown; 
that is, bringing over all to one fide, or making 
the whole ion nou 


3) By taking away ns ond Term of the 
Equation ſo diſpoſed. 


4-) By applying the Equation acquir'd by this 
Operation to the adent Formula, and 
equalling the Terms of thes to — of that 
reſpectively. 


The fan what ha been ſaid by Example: 


Probl. 25. ) in this Figure ate given ACI 
FD=c, requir d the reſt. 


Suppoſing BE =x 
Let it be 


1 wen 


WN = 


KEF. N & 
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z.) WAF + BFE — AE. 


Here follows, 1. The reda&ion to « fanple rm. 
Ne 
Y OY an — * 5 
ſuppoſing — f —-4; & , it will be 
x3 = = K fc 
10) The ordering of the Terms: 
x3 þ . ee. = Q | 
3.) The raking away the fen Term. © 
Where the Rule is thus: Suppoſe x=» (or in 
the place of let y be aſſum d) + or — the 
known quantity of the ſecond Term, divided by 
the Number of the Dimenſions of the firſt, that 


is +, if the ſecond Term has — 3 and vice verſs 
— if it has , and conſequently always with a 
| con- 
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contrary Sign ; and then ſubſtitute the e quantity, 
as follows: 


8 Therefore i in our "TREE inſtead of x we 
muſt take y—34, ſince the ſecond Term is affected 
' with the Sign ＋, and the number of the Dimen- 
fions of the firf Ferm is three. 


Here follows the Oper dion 
=y=—mtd "PEA 
Hel mult 
— 24 
7 = 2 Ladd. 
x3 = = yi 4 9k * 
E * 85 
3 
it wil be * 3 fe =c =0, 
or = C 5 MC 
+ ft 


Now ſince the laſt Term conſiſts of diſferent 
Quantities, partly Negative and partly Affirma- 
tive we muſt carefully ſee which prevails, the Ne- 

ve or the N which i in this place is 
Band to be the Sign +. 


ww THY 


if 
1 


for adfectad Cabical Equations. 18 9 
4 Application of the formute. | 


By taking away the ſecond term all Cubical 
Equations are reduc'd to the three following for- 


Since therefore in the Equation found in our 
Example the mark twice recurs, we may eaſi- 
ly gather that it correſponds to the firſt formula. 
Wherefore it will be as follows. 


The Terms of the formulz. The Terms of the Equa- 


| tion propos d. 
NP = .:. + | 
4a Dr 
X = r 
Whence p = 34 . 
4 

44g = 

Whence 7 * 


190 Queſtions and Examples. 


Here follows the Conſtruction of the Preparation 
which has hitherto been explain d. 


be . 
§. For 2 let t — — becauſe bi 


greater. Fo 
8. I p it will be very much to the c 
purpoſe, 1 , & Jes h; whence - 3 g = 
N 
> f. ti 


F. For 25 — (1.) as «to 4, fois dto— = 72, 
which was . above. (2.) As a to bi ſo is 
43 
oa fourth =>, = — 2 


ac* 
S. For — (1.) As 12 ſo is c to—=h, 
which was 4 above. (2.) As 4 to 4 ſo is 
to a fourth =, En” 


8. For © A] fince here again it is c, 4 
above it will be © fh. (2.) Asatof, ſo is 


to a fourth = 5 
Whence hen m =, 
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$. Note, For the more commodious operation, 
we may aſſume Lines twice as big as thoſe in the 
Figure above: and ſuppoſe « = to the Line here 
drawn. - 
Having nd the operation, the Lines ne- 
he ceſſary for the Solution will come forth, as here. 


— — — 


tions, their Solution follows. 


So much for the preparation of Cubical Equa- 


* 


N 2 A P- 


„ 


—— 


| 


2 
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TO THE 


READ ER. 


N a Work of fo ſmall a Com- 
[ paſs, as the foregoing is, the 
Author could at leaft but 
lightly touch on many things , 
which are very uſeful im the Pra- 
je of Algebra, and open a way 
to the explaining the abitruſer 
Parts of fo profound an Art. 1 
was therefore willing to ſupply 
ſuch a Defef, in ſome meaſure, 
by the following ſhort Diſcourſes 
with an intent to make the Book. 


o 
f 


N41 till 


11 


Hill more uſeful to Young Begin. 
ners; and tho this Edition be 
not compleat in every reſpec, it 
appears, I hope, with greater 
Improvements, and much more 
Correct. 3 . # 


FB 


H. DITTON. 


os: #3. 
Of the Nature and Origin of Powers. 


JH O' our Author has given the Defini- 
tion of Powers in their proper Place, 
yet 1 think it not amiſs to repeat it with 

ſome little alteration; that we may with greater 
caſe underſtand the Reaſons of what follows. 


A Power (properly ſo call'd) is a Produft ari- 
lag from ove or more Multiplications, always 
made by the ſame Quantity, beginning from Unity, 
x being the firſt Term to be maltiply'd. From 
which it is plain, that the Powers of the ſame 
Quantity are 4 ſeries of continu d Geometrical Pro- 
portzonals. | | | 

A Power is call'd, Firſt, Second, Third, Fourth, 
&c. according to the number of Involutions bu 
which it is produc'd. And that quantity, ( 
ther a Number or a Letter) which ſhews and ex- 
lain theſe Multiplications, is commonly plac'd 
at the top of the Algebraical Letter, in a leſſer 
Character, at the right ſide of it: and from itt 
ce, is call'd the Index or Exponent of that quan- 


tity, to which it is ſo affix'd. By this means the 4 


Numbers 3, 5; 6, and the Letters », m, p, 2 


2 U the Natureof Powers. 


the 2 of the Powers, 4, 4, x*, , x* 
I., Cc. 

Hence, vice verſa, tis eaſie to underſtand what 
a Root is; by What evolutions it is ſuppos d to be 
generated, and how alſo it is to be denoted or ex- 
preſsd. 


S0 K, x?, x5, denote the Square, Cube, Bi. 
quad. Roots of the Quantity x. And 4? ſignifies 
4 


the Cubic Root of the Square of 4; and y* the 
Root of the fifth Power of the Cube of y ; and 


univerſally , the Root of the » Power of x. 
Where notwithſtanding the Letter » may ſignifi 
any number, either an Integer or Fraction; and 


ſo * may repreſent any Perfect or Imperfect Power 
or Root of the quantity x. And indeed the No- 
tion of a Power is ſo general, that it may extend 
to all diverſity of Expreſſions whatſoever, 
Nor is any diſtinction requiſite in this place, 
between Powers and Roots, properly ſo called; 
but we need only imagin that a quantity is raisd 
to ſuch a Power, as its Letter or exponent Num- 
ber expreſles, whether it be an Integer or Fra- 


Aion. As by Ya, is to be underſtood that the 
| " will y.is rais'd to a Power whoſe Exponent 


expreſt by 2 


Now we are to obſerve the following Rules. 


* Any Powers (of the ſame Quantity ) are multiplys 
into one another by the addition of the Exponents, 


8⁰ 


Of the Natore of Powers. 3 
80 * K A=; N ; xt x _ 
Ax gn = A, R T e 


2. The diviſion of Powers is done by the Ae 
of the Exponent. 


$0. une tat gr then; „ 
755 41—: = XP; th 


fi 55 „Cc. 


The two foregoing Rules may be allo propos 2 
after this manner, | 


I{ the Indices of two Powers are added to one another, 
their Sum will be the ladex of the hw Meads 4 


by their Runa. 


And if the Index of the dividing E be fbr ated 
from the Index of the Power to be divided, their 
difference will be the Index od toe Fomer ariſing 
from the Diviſion. | 


3 The elevation, of Powers to other * is done by 
multiplying the Exponents. 


Or thus. If any given Power is to be glevat- 
ed to another given Power, the Index of 
Power propos'd muſt be multiply'd i into the Ind 
of that Power, to which the firſt ought to aſcend. 


„ is x*+*, 
; to the ſecond Pogeer is x5%2 ="; - tothe - 
year x57 ="; y tothe Power u, is * ; yt to 
the Power 77 is Ws . 


— 


0 hs. 


4 
4. n., of all manner of Reots is dus i 
dividing the Exponents. 


Of the Nature of Powers. 


Or otherwiſe. If any Root is to be 
the Index of the Power propos'd, is to be divid- 
ed . Index of that Power, whoſe Root is 
uir d. 2 

So the Square Root from , is a ,; The 
Cube Root is 2. 3; or 43; the Bi-quad; is 4-4 
that is 4 « S0 the Root 5 fr om * is =p"; 
the Root m from , is 2; the Root » from 
zm un, is x20—" &c. 


Yet we muſt take notice that both the eleva- 
tion of Powers, and the extraction of Roots, may 
be perform d by bare Multiplication. 

So that theſe two are very well reduc'd to one 
and the ſame kind of Operation. For as every 
Root may be conſide rd as a kind of a Power, ſo 
the extraction of a Root may be look d upon as 
the elevation of a quantity to a certain Power. 

By this means the Cube Root from 4, is 4*—3, 
or 44x34 ; and the Root , from &, is either 
e, Or N, GWG. 


For it comes to the ſame, to divide one quan- 
fry by another, and to multiply by the Reciprocal 
of the Diviſor. 114331 0 * 141 

And from hence appears the reaſon of the com- 
mon operations with Legarithms. For Logarithm: 
are the Exponents of Nu or Ratios. Hence 
therefore to perform Multiplication by the Log 
is to add the Log. of the Numbers to be multi- 
ply'd. Diviſion is perform'd by ſubſtraQing 2 


7 


- 
= 


Of the Mature of Powers. 5 
arithm of the Diviſor from that of the Di- 
— The Elevation of Numbers to Powers 
is done by multiplying the Logarithm of the 
Number, whoſe. Power is to be rais'd by the 
Exponent of that Power it is to be raisd to. 
On the other hand, Extraction of Roots by Di- 
riſion of the Logarithm by the ſaid Exponent. 


ln compound Qnuantities the ſame Laws obtain 
which we have ſhewn hitherto in the ſimple 
. | 


The Reaſons of all which will be very perſþi- 
cuous (to a diligent Obſerver) from the Geneſis 
3 Of which it is ſufficient to give a 


CHAP. II. 
o F 5 nid 


Surd or Irrational Quantities. 


Here are certain Roots of Rational Num- 
bers, which cannot be expreſs'd in Rationd 
Numbers; and ſuch are call'd Surd or Irrationd, 
So that by Surd Quantities, we mean nothing 
elſe than Roots of that kind and*Nature, which 
are not. capable of expreſſion in Rational Num- 
bers. And what is ſaid of Numbers, is to be un- 
derſtood alſo of Quantities deſign'd by Algebraic 
Species. a 
The common Mark of Radicality is this /; J o 
joining to it either a Number or Letter, which 
declares the Nature of the Root, ſo (3) 1290, Þ al 


or / 120, denotes the Cube-Root of 120: / 


aab or Vaeh, the Biquad. of the Expreſſion 4 
and aaa abb the Square-Root of the Quantity 


aaa-\-abb. For ſometimes there are ſeveral Terms 
included under one and . the ſame Radical 
Mark, and ſuch Roots are call'd Vniverſals, ſo 
ed, ſignifies the Cube Root of the 
Difference between | 

ccd-\-m* & , & cd the Cube - Root 
of z& quantity y, added to the Square-Root oi 
the quantity P 
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it. 


Wait 922" O's 

e; & Me 
Bi-quadratic Root from 47, added to the Cube 
Root, of the difference which is between 4 
m', and bb multiply'd into the Square Root of 
the quantity a44—cc- And by this Rule others 
may be judg'd of. . 

Surd Quantities, if they have different Radical 
Signs, are very eaſily reduc'd to a common 
Sign, by a vulgar operation with the Exponents, 
viz, by bringing them to a common Den- 
minator. 


So / 5 & v7, that is 5 & nf, if the Fractions 


are reduc d, they are 5 ö 50 & 75 or ct 55 & 7 7 
or / (12) 625, & v (12) 343. After the 


ſame manner, vV4q, & asg. that is 35 & 44g?» 


& 8 
are reduc'd to 4 & 4445, or v 4%, & yaa, 
or y/ (6) , & / (6) 4'q*. But to avoid miſtakes 
we are to remember, that the Exponent always 
affects the whole Expreſſion, and not the laſt Let- 
ter only (which it immediately follows). As for 


Example, by the Expreſſion / a, we mean 
the Root of the ſixth Power, not of 4a, but 
of the Square of -aaq, that is 4%. And the like 
Conſtruction is to be made in the reſt. We will 


give but one Example, which may ſerve as a 
Rule for every Numerical Operation. Let there 


be propos d Vs, & vep, or i & er, which by re- 
duction are a5; & 2 Then expounding the Fra- 


&ions 2, & S, in the le Numbers, which have 
| a 
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a common Denominator, let them be 


78; reſpeRively. Therefore & for /« and I; 
will be the Expreſſions ſought, which have a 
common and the leaſt r adical Sign. For example, 


if , & if then , and f, 48 


4 pm 


mY mn 7 $1: 5:85 8 

4, and e are 4 and e, or / and ve that is 
4 

(if they be brought to the loweſt Terms) 4/« 


and ve, ſo that 4 in this Example is 4. 


A Rational Quantity is reduc'd to any Radical 
Sign by Ivolution (or Multiplication into its 
elf) agreeable to the nature of that Sign. 


So the Number 5 is reduc d to the Sign / by 
Cubic Multiplication, and is / 125 ; and e-|-x to 
S. . . | 
*. by ſquaring it; and then inſtead of it is Write 
ten Ye err or if to V, there will ariſ 
. + i 
VeiPze & zer E. And fo of the reſt. It mul 
not be Canon taken for granted, that an Ex- 
preſſion which is included under any Radical 
Sign, is always Surd,. or of ſuch a kind as cannot 
be expreſt by a rational Quantity. Since Rational 


Quantities themſelves are reduC'd to fuch a Form 
and often? lie conceal'd under this diſguiſe of 


| 3 — 5 
Radicality. Thus, /4, v/27, 4256, /3t25, &.. 
are the natural Numbers, 2, 3, 4, 5, Cc. as 
manifeſt from the Evolution of each. 


Surd 


Of Sard Quantities. 
Surd Roots are often reduc'd to more ſimple ones 
by dividing the 'Quantities comprehended under 


oy 


the Radical Sign, by ſome Potter from which they 
were produc'd by Multiplication. 

S0 v/245X8x, is redac'd to 7x4/5, becauſe 245 
xx=49xX In 5, whoſe Square Roots are 7X & 5. 


la the ſame manner 725. comes forth 2e , for 
7263, is produc d by multiplying $e3 into g, whoſe 


cube Roots ate Ze, &,79. In like manner for 
VUA, 1 write + , becauſe making a 
divifion of it 4#b4-x*b?, by xx, ariſes xb--bb. And 
„ieder this following, 
DD 3x*, we may fſubſti- 
18 tute dq E&A Zb, for the firſt Expreſſion may be 


„ 


Pro. by the Square 44-24-22, and the Quot 
IS 4-1-20+ | 7 | | 
bY So for the ſame reaſon, inſtead of /I77 "357979 
to \ 00+. vi. a as | hg Pas 

„Iny be written, Vr. 


But if amongſt the Diviſors of the Surd Quan- 
tity propos d, ſuch a Power cannot be found, by 
which the Diviſion is to be perform'd, then, by 
this method, it cannot be reduc'd to a more ſimple 
Form. But yet, if that be deſir'd, it may be af- 
ter ſome manner expreſt in the form of a Fra- 
ion. For Example, Let /t0aa; be propos d for 
an equivalent Fraction, write 24y/n, or 3%̃ , or 
54y/n, or 104%, or a multiply'd into any other 
Number taken at Pleaſure. Thea if /ica4=244/7 
"Wit will be io = n, & n=*2=+; fo that 
1044=24y if / 1044=5ay", then 1044=254a07 
K M, & 41044=54y/5. And ſo may be 
xpreſt after an infinite — of ways. : 


But 


cent 
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But we are further to take notice, that of; Surd | 
Quantities ſome are Commenſurable ;, that is, are 
in relation to one another, as a Rational Quantity to f 
a Rational Quantity : and others Iwcommenſurable. 


And it will eaſily appear, how any given Surd 
bears itſeif to another, as to theſe reſpects, by ll © 
reducing both of them to the molt ſimple Terms, 
Let the greateſt common Diviſer af both be found, 
and conſider the Quoriemi, whether they be to obe 
another, as a — aantity to a rational h 
Quantity. For, when this comes to ,Paſhs they 
are calld Commenfurable; otherwiſe Incommet- 
ſurable. Thus dividing Hy & /27xx, by , 
their greateſt common Diviſor, then come forth 1 
VF xX & Vxx, or 5x & 3x: and there the Surds Ml — 
propos d are to one another, as Number 5 to 3, 
and for that reaſon Commenfurable. So V 
& 4 qqbb-+b4, divided wget bb; ive 4/49 & h, 
er ſo that the =940 and the 
fecond = b ” and thetefore they are tobe 
another, as the Rational 1 to the Rational 1 AF 


ter the fame _—_ 2 7 ES 


bbeenn | 
— 7 » GY when 


come forth 22 K. T. Atdalfo 


1/94 gab —1 — * 
bb 


1 —wC l..u * 3 


* 160 — Tagen ge divid 


. | 4+: 


Of Sard Quamitios. Sg Ye 
— — teen 
ed by = make 75 — 55 & 


353 ﬆ. 


| [6022 2 15 34—2* zx. 
/ 44 er EE, TE 


So that the tuo ff are ; ee DD Vera 
ad therefore, as g fs or as fer to bks ; Ge 


tro latter are, "= Cp 2 FS; 


which bear the ame erden e 


=, , or 3 24x to 22 


3 will it be very eaſy to All and Sf 
Surd Quantities. For, reducing them to the moſt 
imple Terms, there is nothing more to do, if 
they are found Commenſarable, than tliat the Quant 
tities plac'd without the Edu Sign, be added to, or 
ſueftrafied from one another, and that the fun 


be mul 2 
x dem be m — into the Quantity in- 


| e or 3% & 34/3 3 if they 
eel be Added, they make 84/3 ; bur if the leſſer be 
Suſtratted from the greater, there remains 24,3. 
5 & ent , or E & bi 
and — make the Sum 2b 
| 221 and the difference, a—b N or 
125 vr, according as 4 or ô is greater: 
Iv trot 


„ — Eis 
: daction, 


TSS AEN FFA 


* 


IE: 


58 8: 
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auction, =, Vie) & VAI or Is IF 


5 give the Sum 5 Ait, and the difference 


But where the Surd Quantities are Incommenſu- 
rable, they are Added and Subſtrated by the means 
of the Signs ＋ and —, by which they ought to 
be joyn'd together. As the Sum of the two Quan- 
tities ez & Veet, is LEV N. The Dif- 
ference (if the laſt be ſubſtracted from the firſt) 
Ez — „epi; nor will it be worth while to 
produce more Examples of this kind, becauſe the 
Operation is perform'd after the ſame mannerin 
other Caſes, having firſt found the Quantities 
propos'd to be Iacommenturable. 

The Multiplication of (commenſurable)SurdQuan- 
tities is perform'd by multiplying the Parts which 
are without-the Radical Sign, into one another; and 
the Product into that which is contain d under the 


Radical Sign. So multiplying,y/20xx by Vr2z5x7, 
or 2X5, by 5xy/5,' is made 10xx * by 5=56x7; 


& \16eed-Fi6eec by /StcedfBreers is made i. 
by de JA there riſes 36ee I= Ge- g Geet; 
& T1444) by if , or 9/4443 by νενn. 
is bq X 47 U . Likewiſe, if the Ex- 
preſſion y/4*157%*4-21334-7274-108, be propos'd to 
be multiply d by the Expreſſion. 2 

1 88, that is, f cn 
by 5x Vi 112: then multiplying 2-3 & 1 
there comes 15-j-272—27z,which being multiplydby 


t : oduRt 


22-12, given I80-j-247+3z2-1-27'—74, for the 
ght. But 
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But if the Surds given be Incommenſur able, we 
need only multiply the Quantities comprehended - 


under the Radical 'Signs, into one another; and - 
prefix the common Radical Sign to the Product. 


3 3 3 
So ß by V7, is /353 V by v9, is 36; Vax 
by /dz, is % adxz; vcc-|-dd by-4/<«c—dd, gives 
„ed.: In like manner, -V, multiply'd in- 
to it ſelf, makes ee-|-bx-|-2e/bx: that is, the 
Sum of the Squares, Rational, and for the dou- 
ble Rectangle, the [rrational Quantity 2e+/bx or 
/accbx. After the ſame manner if y/pp+-xx + 
/pp—xx ,were to be multiplyd by /pptxx — 
x=; then multiplying the two firſt Mem- 
ders into themſelyes, is produc'd pp-j-xx; and 
alſo the two laſt ( having a regard to the con- 
trary Signs) into one another, is produc'd'—pp 
+xx; and by multiplying the firſt and laſt into 
themſelves, that is, Vpp--xx into x, 
Mexx into — 8 the Products having 
contrary Signs, deſtroy one another, ſo that there 
remains only pp4+xx and xx, to be added 
to one another for the Product, which is there- 
fore only equal to 2xx, 4 V4 
Moreover, the Diviſion of Surd Quantities, if 
they be commenſurable, is perform'd- by dividiog 
the Quantities which are without the Radical 
Sign; for that which riſes from the Diviſion is 
the Quotient. De 
So to divide Y. = by Vote , or c 
e GY -» 3 2 
Ver Pecdd, by Ve d, is 2, and V abe _— 
—_— 3 3 2 
ded by ab, that is c Va by Vab glves c. And in 
like i Row we are to do with the reſt- But 
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But if they are [negnmenſurable, then the 
Quantities only are to be divided which are com- 
prehended under the Radical Signs, and the commun 
Radical Sign to be prefix d to the reſult. 


3 3 3 
As V= divided by b, makes Val; 
for 4:b—ab' divided by 4. makes ab the Quo- 
tient. | 
And indeed if the Radical Signs are differen, 
then the given Quantities are to be reduc'd to 
the common Radical Sign: Which is alſo to be 
obſerv'd in every other Operation with Hetero- 
geneal 8 1 W : 
So to divide **+xcc by xc reducing the 
expreſſion e to a Surd of the | 
Order, there comes out Sa III. and 
2 this by the former ariſes Fe, Fur 
ther, if face -A cc is to be divided 
by Vcc; then the firſt Member x*-þ-xcc, 
or uf. FE Wan Ws c* divided by xvxx-+-cc, makes 
in the Quotient V f ccand the ſecond ac VA e 
divided alſo by the ſame Nr ccc gives c; 
whence the Quotiefſt ſought will be cc. 
-" But in Uaiverſat Surds, where the 
given are ſo perplex'd and intricate, or of ſacha 
nature, that the Divifon will not proceed accu- 
Tately and without a Remainder,” then the 1 
tient may be expreſt after the manger of a Fra- 
Rion, by placing the dividing Quantity, as a De- 
nominator, under the others, and prefixing tht 
Univerfel Radical Sign. Thus, if we were to en. 
preſs the Quotient of this Diviſion, viz. V/abb-Fbd 
N 
V we may write, VA; 04 
, 


; 


37 6 


So 


IA FT TTF TS AA iST KFT FFS 


„ ' : 
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1/4593, for the Quotient which will arſe from: 
the Diviſion of THS by „N And se- 


cording to theſe Examples,which we have hither- 
to briefly propos'd, may the goes Beginner i in 
Algebra form athers to himſelt; fo that there is 
go occaſion to handle theſe things more at large. 

It remains only for us to ſhew in * ward s, 
2 certain very uſeful and cake Praqdtiſe, relating 
to Multinomiatr, compounded of Irrational Quan- 
tities. That is, how Rational Quantities ma 
be produc'd, by proper and (as often as there l 
occaſion ) by repeated multiplication of there Po- 
lynomials. 

And that we may come. to a clearer knowledge 
of the true and genuine Foundation of this Ope- 
ration, we ſhall in this pl _ expreſs Surd Quan- 
tities, not by their cal Sent, but by their 
1 1 on Exponents 

wy this means the Praiſe is much more 
ﬀW fimpte, and the Products ariſing in a 
multitude of 6B, are forefeen, and form'd with 
leſs labour, 

For Exemple. Let there be prapory Vt, 


or a* + ; from the Multiplication of which, 
or af Naw ſome debe Quantity, ariſe a Ratio» 


First, it is manifeſt, That the 
— which muſt auſwer this purpoſe, aught 
to conſiſt of as many Names as the Quan ty pro 
pos'd does: that is, it ought to be a Binomial. 
Then if A 63 be multiply d into it ſelf, that is, 
if we multiply 4a + þ3 by af 4 * the Product 
ill comprehend two Rational Members, and a 
94 third 


: 
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third Irrational, or Surd, viz. 4, b, and * 1 ji 


or 2/ax Vb, that is, 2/ab, Wherefore 4 1p 
is not that proper Binomial, which being multi- 
plicd into the propos'd Surd, will produce a Ra- 
tional Quantity. 

Take therefore the correſpondent Reſidual, Viz, 


af —þ (which is alſo a Binomial in another 
ſenſe, tho? by reaſon of its Negative Sign, it is 
diſtinguiſh'd from a Binomial properly 0 called) 


then by multiplying 44h by 55 we have the 
Rational Product a—b: for the Terms in which 
a andb? multiply'd into themſelves are found, 


2 reaſon of their N er en * ano- 
er. | 


7 7 


Mult. 44% 

By 42 216207 245 
r — 

Prod. e. or . 


So it is in Binomials, which conſiſt of pare ; One 
dratic Roots. = Fan more 1 ultplications are 


required. | 
let there be a "Binomial, conliſting of Bique 
dratic Roots: For _ Va a +4, or 5 Gb 6 


- 


chen * 


* 
— 4 XX 
CIY * 
- ws = ö 9 
* 
. * 
9329 9 - - 114 
6 ©. „140 
* 


1 * ». 4 


= 
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: Mult. at + b+ 
V — — 
4 Prod. bi or V. 


* 


— 


Now Mult. 4 —b* 
By 15 
Prod. 7 — r as before. 
* 8 
Let there be propos d a Binomial conſiſting ing of 
the Eurer Roots of ark ana [OY 


z 
er 
Is 
1 
he 
ch 
d, 
Qs 


22 
Mn. i 


— 


r * 
| — +6 
oy . x ont 


Laſt, 2 3 EET 
4 5 952 
War 42 — 


* 


And thus we ma 5 60 od caflntis; when. 
ult. the Roots belong „ 


55085 it will not ſucceed, hace e wil 


* "Þ 


ariſc 


18 Of Saurd Quantities. 

— E os and partl ne Bio Products; 
and that from the Nature o Expanents. As 
for Example- a2 


Mult. 4, that is Jobs 
By LGW, that is RD 


Prod. 435, or i, 


If you multiply the latter product, vic. 4 


into wb, fy og will only have 41, and it 
you proceed the ſame way, 4d inſinitum, you vill 


never come at a rational Prout. But if 2 
be multiply'd iato N there will ariſe this 
mix'd Product e, 5 — 4 55, that is « 
— Jad b — Jaybh. 


In Trinomials, or — co d of pute 
Quadratic Roots, the ultiplication is to be — 
by proper Trinomials or "Fo drinomials; by which 
means Quadrinomiali wilt be brought . down to 
7 comes and Tyinomials to Binomials and by 
Multiplication, with their proper Reſuluals, down 
to Rational Quantities. N 


Suppoſe * LY The Ti Trigomial 7 4 = 70 
Jy c, or a*-þb* e, if this ſhould be multi- 


_ ply'd with a Trinomial conſiſting of the ſame 
Names, and affected with the ſame Sign, it is ma- 
nifeft, "that, beſides rhe rational Terms 444+: 

the rod er irrational ones would alfo remain in 
oduct; fo that no good could come of this 


operation, 
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operation. But if changing the Sign of one of the 
Names, we ſhould make uſe of the Multiplier. a+ 
e, then fo-many Members would 
one another in the Product, that the Sum of the 
remainders would not be more than a Binomiat. 


i Prod. 4+ b—c-+ 2.4% 53, or ſfuppoſin 
7 rar Nee 
if W. remainder Eva or ae? | 


— Mult. 1+26 þz 
bs By d=2 a 4 
„od. Rat. 4—44, or Sr. 


Now as in a Trinomial, the Sign of one Name on- 

ly is to be chang d; 1 2. that by Natel us 

ure of two Names are to be 
de on it may be broug 


The eg wil 2 
in the writing 
the Trinomial f4+-2/4b——4/dc. 
as before. WILT 


» o 
"SS . 
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Malt. fas? 2A „ by 
By C E24 >, & reje&ing contrarie A 
The Prod. is f|-4ab—44ct-4fa* b* ; and fu 

hog | FAA, the Product is wt 


a*® 63. 


fo 

br 1 

aſtly Pf 1 65 th; 
Laſtly, Mult. + afa* 5 * 
by 1 — 44 b* Al 


| There ariſes the Prod. · — 16 ab, of which i al, 
part is irrational. F 


The uſe of this Practice is in dividing Surd Qua. A- 
ties, that is, when the Diviſor it ſelf is either 1 
Binomial or Triqomial, &c. For reducing the 
Diviſor to a ſimple rational Quantity, and mul 
tiplying the Quantity to be divided, by all th 
ſame Quantities which we made nſe of in find 
ing out the rational Diviſor ; we ſhall obtain | | 
this means a new Diviſor and a new Dividend m 
which will have the ſame proportion to one ano- As 
ther as the former. As if there be requir'd the 
Quotient of the Diviſion of 4/8 by /3+/2+;; 
I multiply the Divifor by /34+4/2=r, and I find *_ 
+24+4, which being multiply'd into /24— 
(it's proper Reſidual) gives the rational Diviſor & 
And becauſe the Diviſor 4/3+4/2+1, was firk 
multiply'd by 4/3--4/2—1, and the Product b 
+/24=—4, therefore both the Quantity to be divi 


ed, muſt be multiply'd by /3+y/2=1, and thi 
that we may have 8+v1 


Product by /24—4, 


Of Surd Quantities. Fx 
—192 ſor a new Dividend, which being divided 
by 8, there comes out the Quotient 14-4/2—y/3. 


And this may ſuffice fo be ſaid concerning Surd Quan- 
titres, 


2 


I ſhall now only add: an excellent and eaſie Rule, 
for the — — of Roots out of Binomials, con- 
iſting of lateger and Radical Quadratics, which 
that extraordinary Gentleman Sir 1/44c Newton 
has ſupply'd. us with, in the late Edition of hig 
Algebra. Let A be the greater pan of any Bino.. 
| rofl, and B the leſſer : it will then be A Ag—BB 


2 
the Square of the greater part of the Root, and 


A 3 the 1. rer of the leſſer part, 


WM which is 10 be joyn'd to the greater with the Sign 
of B: and joyodr that will be Sign 


* — and y/ —— BB the very 


= 


parts which compoſe the Root. ee inſtance. Let 
there be propos d a Binomial 1444180 eo 
A= 4,B=y 180, for it is 14*14(=196 > 180. 
| Nan; = * 2 44 


AI + 


| e 5. 80 FW the Square 


of the Roots are 9 and whence the Root it 
Jet LESS F- 5 


Sup- 
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| Suppoſe the Binomial — — 92 5 * 


24 KA 
whoſe Root i is required. Her WEL or 22 


A, ad 2 B, and AA—BB=s' 


ib thre be pet As- 
2 (which is one of the Examples of the 
foreſaid 4- Great Man) ſappoling 44. L Sar in the 
place of A, an AN Joe B, it will be 
AA 


, BB= 


—_—_ © 


e the Fes, {abs rR pare. of the 
Root, AA — . 


ar. And therefore the whole 44 
—/ax, for the leſſer part is to be joyn'd to.th 


EN with the Sign of B, Which in this * 
N 


8 S8 F282 


7 


| > 


16 < 9 


190 
924 1 
Nor 


0 Ward *. 23 

I Now the truth of chis Rote! is {fron 
hence, that ſince the. greater pa 
according to its direction, is“ 


T uk ad. hd 


heir au 9 ual to.the "whale Rack: If this Sn 
be multi into it 5th Nod fo product ough 


be equa © AB. om the coultetur 
of theſe ik oh ic 161 that no other 
duct can ariſe. For t che Square of the greater 
Member is N aud of .the, delter 
I 03 280 ⁰ 23 


2 3 1. b but the 
— 


double Regangle, or 1 i 
„ ec ll ey gre 


20 fhrw 3: 


. * 
N + 


3 


* 0 
— . 


For by the common Rules, if we. take the Root 
of the Produ@ of the parts which are compre- 
hended ynderthe Univerſal Tots it will be equal 
to the Product of the Univer and there- 
fore this twice taken will give the he double ReQ- 


angle. But n in AMC. 
AA + . . * "Th K B —AA-BB 


4 4 3 242 7 7 
| e 


\ i 
- 


24 Of Sard Quantities. 
=AA—AA—BB = BB, whoſe Root =B, and 


| 7 2 11 2 
its double =B. Therefore the thing is plain. 


But the Inve ſtigation of this Rule may proceed 
after this manner. _ Suppoſe the Binomial py, 
whoſe greater Name is p. Ia 2 Square, the 
Squares of the two parts of the Root, will al- 
ways be greater than the remaining Member. 
For the Terms themſelves , ( ſetting afide the 
Numbers) are continued Proportionals. - And 
in three continued Proportionals, as ee, ne, nn, 
the Sum ot the extremes ee-|-nn is always great: 
er than the intermediate Term 2»e. And for 
that Reaſon we ought to conſider the Name 3; 
as the Sum of the Sqyares of the two parts d 
the Root. Suppoſe one part of the Root =x, 
therefore E = the other, therefore the 
Square of.- This Bxpreſſion EY Ax, that is 
e e we 

| a „ or ANR, and ſuppo 
king xx=y, it will be yy—py =—94, and there- 


S575 4 arty JETS "7 YL 9 _ 
EE 
TE. thereon 7= FK . dafs 
; 2 Ee os | * - To a | 
it is y=xx= the Square of one part af the Root, 


and p—xx = the Square of the other, which 6 
therefore equal to p—p—Vpp—gg = | 
ea Lern N 


9 , 
* 


= bence 5. O -＋◻ is the Square of 
2 2 
the 
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ad the greater, and p—/pp—qg — Square of the 
eſſet part of the Root, that is AA EE — 
1d AAAS. writing A and B for: p and q, 


3 the e Rule directs us. 

The ſame may alſo gathered *. — angther 
Principle: 8 Te any Square zum m 
nera ted W Roots m. Take the —＋ 
the Square of the parts of the Root for the ſat 
Member, and the double ReQangle for the ſecond, 


Þ that taken ſep rately they are a and 2»m. 
f the Square of the ſecond Member be taken from 


the Square of the firf, the Square Root of the 
Remainder will be the Difference of the Squares 
of the parts of the Root. That is, 2 Cu .-. 
M41 nf m2 , whoſe Root =m=—m* 
Nt 5 * ede mz 
2 
For — Half ot the Suns and * Difference of any 
two Quantities, if they be added to, or taken 
from one another, makes up thoſe Quantities. 
role now 
1m d, it will be therefore 

12 


Seer kee or by fubſtitating E- 
nals i it is db Tam m. 

: , and 
. Hi 


's 


me n N farmer 


2 bs 


1 . OA IO ”"Y * — „ — — 


CH AP. III. 
Concerning the way of Separating aud 
Expreſſing U - El, Quantitie⸗ 
when 1 are propos\d whi 


contain arvers. f 


7 order to this, it is neceſſary, that the 
3 young Beginner ſhould firſt of all conſider 
theſe two things. Firſt, Whether the Equation 
propor d are really diſtinct, and d not on one an- 
.*her? Secondly, Whether they are more, or fewer, 
or equal in Numbers with the unknomn Hana 
which are contained in them. For when there are 
as mary Equations as unknown Quantities, and 
ive verſa, then all of them may be reduced to 
one Equation, in which one unknown Quantity 
only ſhall remain. 

That is, all the unknown may be caſt out by 
convenient (Subſtitutions, one only excepted, 
whoſe value will be had in pure known Quantities; 
and then by the given Relations of the reſt which 
are unknown to this one, they will alſo be ealily 
diſcover d. there are more Equations than un- 
known Quantities, then .by reaſon of the ſuper- 
fluous Number of Equations, various limitations 
of the Quantities among themſelves will necells- 
rily ariſe, and (from ſome repugnant Suppoſiti- 
ons) very frequently a Contradictiqn or an In- 
poſſibility. But 


| 
5 
0 
t 


Eee 


HH . 5 © 


wo OO © Q@ = a 2 oy — + 


ne — 


8 K 


K 


T SSESSIFSER 
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But if there are more unkgown Quantities than 
Equations, nevertheleſs one or more of the un- 
known may always be taken away, and ſo an E- 
quation may be found by which the Relations of 
the others may be determin'd. | 

For when the Operation is finiſh'd, one or more 
unknown will remain, becauſe by the help of one 
Equation, only one unknown can. be taken away. 
And therefore fo many can never be taken away, 
as are comprehended in the Equations; fiace by 
the Hypotheſis their Number exceeds the Number 
of Equations propos d. But the, greater that ex- 
cels is, the more of the unknown Quantities will 
remain at laſt, And the Number of them which 
do ſo remain, will be equal to the Sum of Unity 
and the Difference aforeſaid; that is if the unknown 
are more by one than the Equations, two will re- 
main if by two, three, and ſoon. |  -_, + 

But we ſhall now produce ſome Examples, by 
which theſe General things may be better under- 


Wo ie e i omit aim 315 64 va; 
begin with the moſt eaſie, in the firſt 


And to 
place we ſhall-treat. of Equations, in which the 
unknown Quantities are neither multiply'd into one 
another, nor aſcend to any, Pawer, Which again 
may be divided iato two different Claſſes. For 
either the Equations propos d are ſo order d, that 
the ſeveral unknown Quantities are found ia the 
ſeveral Equations; or on the contrary, that ſome 
of them may be found ia ſome Equations only, 
and not in others- 1 li 2231 un: 

In the firſt Caſe the Operation may be general- 
ly perfarord after this manner - ; 

Let the two Values of any unknown Quantity 


(which we will call a Frſt) equal one another, 
; P 2 and 
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and then let there be found the expreſſion of a 
| Second unknown, partly in hem Terms, and 
rtly in Terms which include the other unknown, 


ſimilar Relation of this Second unknown, to cer- 
tain Terms compounded of known and unknown 
Quantities. Whence making an Equation be- 
tween the two found Valnes of this ſecond un- 
known, you will . have the expreſſion of a Third 
unknown, in Terms which conſiſt of known and 
fewer unknown Quantities than before. And by 
the two Values of this Third, will in like manner 
be expreſt a Fourth unknown, in given Quantities 
and ſtill fewer unknown. And ſo on, let the num- 
ber of the Equations propos'd be never ſo great. 
For there will at laſt ariſe an Equation which 
comprehends but one unknown ( with giver Quan- 
tities) if ſo be there are as many unknown, 25 
Equations, and ſo vice verſa. And this way of 
arguing is General, Certain and Perſpicuous; 
ranting in the mean time, in ſome particular 
ſes, that the matter may be perform'd in a 
leſſer compaſs. But it is not our buſineſs here 
to give Compendiums, nor is it ſo neceſſary for 
. Fyoung Beginners; ſince uſe and exerc:/e, in a quick 
and diligent Apprehenſion, will over and above 
ſupply all thoſe Aſſiſtances of inferior Conſidera- 
tion. They ought rather to be ſhewn a certain, 
conſtant and uniform Rule, by the help of which, 
they might be able to diſcover and expreſs the 
unknown Quantities in all Caſes. 


. mxnw=pT 
| Suppoſe the Equations , ＋ 


th From 


repeating the Operation, find out another. 
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2 

the Firſt . * 

From the Second J riſes — 
7 


From both e. or by reducing 
5 Whence x is * by the help of 


either 8 which expreſſes its value in y and 
known Terms. 

We are to obſerve in theſe General Examples, 
that the Coefficients and other Quaatities (which 
are look d upon as known, and are of an unde» 
termin'd magnitude) may be tranſpos'd at Pleaſures 
which is not donein Examples of Numbers. 
the chief deſign we have in view, is that the Un- 
knnown Quantities may be truly and aptly * 
in the terms of the Equations propos d. 
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* From both 95 = p=3, or dam — nyz, 


that is y = — and therefore yisobtain'd by 
z and known Quantities. 


| | 2 
the Ir 
| + {4 = 5 


Whence jointly = —7 = _ or by reducing 
_ 
5 pn | 
known Quantities. . Therefore = 5 EA 

E. 


, which is again expreſt by & and 


5 nz-|-dn 
or pnd;--nd;==pnz;>—nnz2-| pndz—dnzz, t 
caſting away pndz on both ſides, and dividing the 
reſt by xx, you will, have the expreſſion of the 
Quantity free from all unknown Quantities. 


Suppoſe Eq. rx--my—pz=a 
ra—qy x = 
K Y- c 
ene 
From We Firſt Je paved 8 
the Second OR AI 


r 


. From 


( 
( 
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From the firſt and ſecond gointly, we have 3. 
by * and known hy ene; 1? that is rar 


„ Sb -,, or 12 — 7 Now 
another ſimiliar expreſſion of the ib {is to 


the firſt 
be inquir'd. Therefore from oo > ( for 


they are taken at liberty, ſince we might as well 
have taken the 2d and 3d) ariſes 21 


. 
25 n (as before) . From the iſt 
n — 1 and 3d, jofntlys» 


we have 3 value of x, by y, and known 
Quantities, . amy =o lon „or 
— — Which values of the 


Quantity x, being equal'd , to one another, y is 
had in pure known. Quantities. And by return- 
ng to —— Equation, by which is expreſt by 
and known Quantities, is alſo known, and by 
the Equations firſt given, &5 1 as , 


TT. III E 


Suppoſe Bq 
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From the firſt and ſecond jointly, we have 
x, expreſt by y, v, and known Quantities, that is 
+ = mb—c + m—mn x y + mm Xx 
5 1 - m1 


And that we may have another way of expreſ 
ſing x by y or v, and known Quantities, 


Sar 
It will be 2d) _ | 

from 3d) * = d-prmpumy 

8 


. From the ſecond and third joigtly, ariſes the 
ſecond value of the quantity x, in y alone, and 
known Quantities, that is z= —— . 
(for the term myv, is thrown. away by reaſon of 
the contrary Signs) yet notwithſtanding we might 
have had the expreſſion of x, in y, v, and known 
Quantities, tho that term had been there: There- 
fore from theſe two ways of expreſſing the Quan- 
tity x, ariſes an Equation, by which y is firſt ex- 
preſt, by 9 ang known Terms, viz. this 
; N 


— äi·!· u —⏓ 


XYT — KU 
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After the ſame manner equalling the two va- 
lues of the Quantity x, being taken from the 
third and fourth Equations, will be had a third 
ralue of L, in z and known Quantities ; viz. X 


— — 4 by the two other va- 


19—4 
lues of the Quantity æ, by the help of the firſt 
and fourth Equationg, Fouſthty is expreſt ⁊ in y v, 
and known Quantities, that is, * 4 
22 Trin 1 v. | 
my 
Whence by making the two latter expreſſions 


of the Quantity z equal one to another, it 
vill be -A. ——— 


expreſt y in v and known Quantities. So that 
now are found two different ways of expreſſin 
the unknown Quantity y, in the Terms of v 
iven Quantities. Wheace is found the unknown 
uantity v; and by the help of the former Equa- 
tions, the others are alſo known. 


When it happens that the ſeveral unknown 
Quantities are got found in the ſeveral Equati- 
ons, we may yet diſcover the expreſſions of them 
by a way not much different: That is, by finding 
divers ways by which the ſame Unknown may 
be expreſt in the Terms of the other Unknown 


and given Quantities. 


As 
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I take from the firſt and fourth Equation the 
two Values of the Quantity *, . a N —.— 


” Y + 18 | 1 P g | 9 
whence y== pA. Secondly, from the ſe- 


cond and 1 is had a double expreſſion of the 
Quantity 2, viz. - c-. Whence 0 
”m 


y= MCmnu-b ; ſo that * is now twice expreſt V 


oe N 

by v and known Quantities. And therefore the 
expreſſion of the Quantity v is found, whence the 
reſt are known by the help of the given Equations 


Again, ſuppoſe Eq. 


| Fromthe 9 we have 7 
. From both ariſes 2X. 
2 It! 


From 
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From the Faire; Fit will be 42—4 (=) _ 
and therefore * whence throwing out 2, it 
vill be in the former Equation rift 


Let there be enquir'd another ſimilar. value of 
the Quantity . 5 


| , ſecond, > © 
For Example from the darth 4 is þ 924 | 
5 128 1 1 PPAR * | — 

-nce (=#) . or y= . And equalling thoſe 
ret Values of the Quantities y which are found, it will 


2 | 
NS, conſequently the re ſt. 


f 
If the given Equations include any Powers of 
the Unknown Quantities, to diſcover the ex- 
prefſions of them, we may frequently make uſe 
of the Extraction of the Roots of adfetted Equati- 
ms, but ſometimes without it. For Example, 


= Suppoſe Eq. x-þy+Z =4 

= 
It will de firſt CXX NY AN- Cor by adding 
from the ſecond ex Xx HY & 2 


4 D' =bxx XX 5 
22 rad. quad. Cp ee 
Ou 


whence, ſince we have a double expreſſion of the 
E ; | quan- 
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Quantity xx-+yy, then will xX = Vbxx-Fax 
or eee ee, * 4 


2axxXy=bxx,0r -- — =. Whence is eaſily had 


the expreſſion 1 x, by the Solution of an adſecbel 
Equation, yy=ax—xy—XX, in which y is known, 
Suppoſe Eq. * = "> , 
x —y'=m 
Becauſe there is no Power nor Product, the tus 
different values of which may conſtitute an Equa- 
tion: Therefore make the Square of the firſt ex- 
preſſion x&ðx , viz. x'—2xxyy-+-y*, for thus 1 


-will be fognd 'of the ſame dimenſions on both ſides; 
ſo that now we have theſe two Equations, 


X —2XX = 


RK —9˙ em 
8 Firſt, =. — X. T 2XX 
rr from the Second — 7 


From both "= DT —-XXY N- 


xx Nx, that is, — And by the help 


of the firſt Equation is y expreſt, becauſe xx 
n- 


Again let the Eq. , 6 xx*|2x)+-5 
4 8555 


« XY =6=—"X=} 


Sup- 


i 


It 


It 


Sup 
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Suppoſe x-y=z,it will be x=z—y,& xy=2zy Jv 
T hen by ſubſtiration, — Wer: 12 


. iſt 221-2252 * 
lt "= be "_—_ of the 24, 9 = | 
And by making equal the two values of the 
Quantity , we have the Equation — 
—2, Or 2z2-Cz Z= 2b. By the reſolution of 
which Equation, 7x is expreſt in pure known 
Quantities. Whence by reſolving the Equation 
1y—y=—=—7z (in which 2 is a known Quantity) y 
alſo is known. And becauſe z=y-+-x, ther 
will x alſo be expreſt in given Quantities: ** 
But ſometimes the Expreſſions of the unknown 
Quantities ariſe to much higher Equations. 


As if bbx—aby=aab-- 5 * 
& bxc-þayy ae * „ 
'1 . J XxX — aby-aab 
iſt, bb—ay 


It wiil be from the 4 


20, )} x = 2aac 
T be 


W hich values of the Quantity x, being equal 
one to another, and the Terms being rightly or- 
der'd and diſpos d, an Equation for finding 
out the Quantity , viz. 


= 2aa = — 
yi yy ů — xy 5 


After the ſame manner if eu rb $ 


and vx - Ser 


It 


— 


* id Fas mw Qu * &c. 


cbfitatins chi this Ex Expreſſion inſtead of vin * 


firſt, it will be = ＋— =x?; whence 


multiplying by X'—2xe-{-ee, we have 20 xx—"x 
=af%=2zx'e-|-x'ee or ordering and reducing, 4 — 
2e CA ιο -- OO. 


Alſo let zvv =e* © 
and N 


it wil be ve=and therefore e e 


that is e Vet, Sense will ariſe an 
Equation of fix Dimenſions, by which the Term 
z will be expreſt. | But this will be done more 
compendiouſly, if the value not of vv, but of x, 
be taken from the firſt, and written down in the 


ſecond Equation, For ſince . „ therefore 


j "EF. : 
— * == dv, and reducing c 


8 or v eee 

So that from this Example only it appears how 
much an apt and \convenient- n cui to 
the ſimplicity ef the Expreſſion, _ 

And from theſe Examples, we may proceed to 
others, where it is not to be done without much I of 
more complicated Equations, and thoſe _—Y gi 
out to infinite Series. 


As 
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wm > As 


re 
1 And raiſing theſe Equals to the rover r, _ 
Example) it will be 


png = 


OW = ; which is the jr Expreſſion 


of the unknown . v, in the terms * and 
given Quantities. 


| 2d, 
Ari * 
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And working as before, you will find a ſecond Ex- 
preſſion of vin y, and known Quantities. 


— —— —— 


Whence, a Finite or Infinite Series (for the Expo- 
nents may be taken divers ways) conſiſt ing of the Poy- 
ers of the unknown Quantity y, and given Quanti- 
ties, will be equal to another Finite or Infinite Se- 
ries, which likewiſe conſiſts of the Powers of y and 
given _— - And conſequently there will a- 
riſe an Equation by which the unknown Quaatity 
y, is fully determin'd and expreſt. And from 
hence it will be to find out Equations for de- 
termining the values of the other unknown Quan- 
This may be done when the unknown Quanti- 
ties are ſo diſpog'd, that ſome of them are firſt tobe 
expreſt by inſinite Series in the Terms of the others, 


before an Equation will come forth for one un- 


known- For ſuppoſe the Equations, 


iE = 1" 


Then by comparing the 
'1+y= 14x two values of =, taken 
1+x= == from the firſt and fourth 


1 — 1 ＋ | ntities. 


From |; it willbe-— Z. —1 Fend therefore 
the 4th, * K IN 1499 = IQ 


* vw 


- 
= 
. 
— 
N . 
„ — 
. 1 4 
=” 0 & ws 
-—— 4 

5 Po" . . 

% 0 * 

* 
- 
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Or by expreſſing theſe Powers by their pro. 
per Series, it will be LAY any I xt * 


| 2 2 
— 222 Sc. =1 Ar I—v 7 * 1—* 
3 ; — 25 
, &c. And conſequently there will be had 


i kt | 

4 Sever compounded of the Powers of y, equal to 4 
Frier compounded of the Powers of v. But by the 
i- W Method of extraQting a Root from an Infinite 
e- W Equation (which that excillens AMathematician 
rd Wl Mr. de Moiore has communicated to the Publick) 
a- the Quantity) may be expreſt by the Powers of v- 
7 For "twill be = N, r=, 

2s nxn-—L AA 


| ae 
* ä — — - 


— — 


1 
ti- 0 Pry” — : —— 1 — — 
bh — — AB ei 

25 34 — 
Tr, 2 3 


* _ 


8 — — 
t- ped 1 | — 
Where the Let. A=&,B=S*arms = 
87 ot 


n 2 
and ſo on; Putting always inſtead of the Capi- 
tal Letters B, C, D, E, &c. the whole Co- effici- 
ents of the Terms immediately preceding. And 
therefore the value of y may be thus otherwiſe 
expreſt, for ue „ 

25 2 . 


. * 1 
Q | | 1 he 


. = 
Fd 


42 Of ſeparating unknown Quantities, &c. 
| 2» x= iv — I 
After the ſame THT” | 
manner from E!. » = 1-þjn © 
= theref. I — 1-| „ 


twi 2 Nen ee 
Whence twill be 1--rv+7x; „i 


— — i 


| 2 as 
Ec. Ii Nn 
214 zm zm 


Er. | | 

' Wherefore a Series componnded of the Powers 
of y, will be be equal to à Series in like manner 
conſiſting of the Powers of the unknown quanti- 
ty v. And by help of the foreſaid Method, y will 
be expreſt in the Terms of v. That is, 


| — — p LID 2 - = ——_ 
i, 
— — ' 
8 128 Et. _ 20 30 
— — ; — . — 
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Wherefore ſince y is had twice expreſt in the 
Terms of v: the Equation deſir'd, by which the 
quantity v is determin'd, will be had out of theſe 
two Expreſſions; whence it is eaſie to find out 
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And after the ſame way, in other Caſes, where 
the unknown Quantities are intangled one with 
another, after very different manners, we ſhall 
be able to have the Expreſſions of them. But. 
things of this Nature neither concern vulgar Pra- 
iſe, nor are they adapted to the Capacity of 
Young Begtnners, and conſequently improper in 
this place; yet | thought it would not be amif 
if, when there was an Occaſion offer'd, 1 ſhould 
ſpeak ſome things tranſiently, on a Subject nei- 
ther common nor uſeleſs. | 

And ſo much concerning the manner of figd- 
ing out Equations, by * of which, the un- 
known Quaatities are to be expreſt, when their 
Number is equal to the Number of Equations. A 

But if there are more unknown Quantities than 
Equations, then ſome of them (as we ſaid be- 
fore) will remain laſt. For if there are more 
than one, two will remain; if than two, three, if 
than three, four, and ſo on. Which will be ma- 
nifeſt, both from the Nature of the thing, and by 
Examples. For let the Equations be, 
Y DE, and cy Ec c. Then ſubſtituting for x, 


Cc 


either or 41 in the ſecond Equation, or * or 
= 
1 


— or D, from the Firſt; there will arife 
=cc, or —- Fr gcc, or Nee; in every 
one of which, the Number of the unknown Quan- 

tities which remain at laſt is 2, viz- the Sum f 
Unity, and the exceſs of the Number of the un- 
known Quantities, above the Number of Equa- 
tions, for the firſt was 3, and the laſt 2. In 
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In like manner if 35 3X, -E 570 


cy be. It will be firſt y ar-. Se- 
condly yy=cc—by, . . EN cc, and 
cmby „cc br. 

= Sa; and ſubſtituting- 5 in the place 


of ++x (in the Equation av-|-xv=g7; ) it will 
e cov—byy=153"; where two unknown Quan- 
tities only remain. | 


But if only two of theſe Equations were to be 


made uſe of, for Example, the Firſt and the Laff, 
then in the Equation 33zx-4-344—cc-|-bv=0, there 
would remain three unknown Quantities at laſt, 
vid. x, x and v. Or taking the ſecond and laf 


Equations, it would be A =v)= _ » Of 


gbtz—acc-ayy—xcc-|-xyy=0 in which alſo there 


are three unknown Quanrities. 


Laſtly, If there are more Equations than unknown 
uantities, there will ariſe (as we hinted before) 
either Impoſſible Caſes, or ſuch as are determir'd 
and reſtrain d to ſome certain proportions of the 
Quantities which compoſe the Equations. Which 
will appear by one or two Examples. 


As if ſuppoſe a-|-3z=b 5 
ö * x—2b=—=4« 
* -H - 


, ww oct. oo. 


lt 
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It will be (by, the 3d) x=24a—+—:, and (by 
the ITE? .* 44+=2þ=24—b—z (but by 
the 1ſt) . a1 ga-|-2b=24—b — 


. 3 : 
14—4b , ſo that now it is Ee = 44--2b, or 


3 
74—4b=1 24-\-6b, and 74=124-j-10b. Which is 
abſurd and impoſſible. 6 8 


Again ſuppoſe a—y=d 
c 


= whence 34—3d4=c+a, 
or 24—3d=e. And for that reaſon, (if the firſt 
Equation being ſuppos d, the quantity e in the ſe- 
cond, be reſtrain'd to this value) the two Hypo- 
theſes which were made in the beginning will 
agree and conſiſt with one another. For becauſe 
by the firſt Equation it is «—y=4, it will alſo be 
34—3y=3d, But by rhe” Grand it is 3Y—a=c, 
and ſince c (by the Hypotheſis) =24—34, it will 
alſo be 3y—4=24a=34, or 3y=34—34, or chang- 
ing the Signs 34—3y=3d; which Equation is the 
very ſame with the former. | #7, 
And from theſe things the Young Students may 
receive ſome Light, by the help of which, they 
may advantageouſly manage Equations of this 
kind. But as yet J hope it will be an acceptable 
piece of Service to them, if I tranſcribe thoſe 
elegant Rules for throwing out unknown Quan» 
tities, (which the Incomparable Sir Iſaacs Newton 
— given us) and put them down in his own 
ords. 


it will be == 


Q 3 Rule 
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Raule I. When the Quantity to he throws. out is of 
one Dimenſion only in both the Equations, both its va- 
lues are to be inquir d ly the Rules (vi. of Redu- 
ction) before deliver'd, and one to be equal'd to the 


t 


Rule II. When in one of the Equations ar leaſt, the 
Quantity to be thrown out is any of ane | Dimenſion, 
the value of it is to be inquir'd in that, and to be ſub- 


ſtituted for it ſelf in the other Equation, 


Rule III. When in neither of the Equations the 
Quantity to be thrown out is of one only Dimenſion, 
the value of the greateſt Power of it is to be Sought in 
each Equation; and then if thoſe Powers are not ele 
ſame, the Equation mhich has the leſſer Power u tobe 
multiply d by the Quantity to be thrown out, or by it 
Square or Cube, &c. that it may be one of the ſame 
Power as in the other Equation. Then the values of 
thoſe Powers are to be ſuppos'd equal, and a new Eqi«- 
tien will come forth, where the greateft Power or Di- 
menſion of the Quantity to be thrown out is leſſen'd, 
And iy repeating this Operation, that Quantity will 
at laſt be thrown aut, i 


Which may be eaſily apply'd and deduc'd 10 
Practiſe by the foregoing Examples. 


ch 


TD 


Pp. 
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CHAP. V. 
Of the Nature of Equations. 


HE Solutions of Problems, are contain'd in 
Equations, which Solutions are aQually 
diſcover'd and brought forth by Analyſis, or ex- 
traction of Roots. But that the Method of 
handling Equations (ufeful both to their Solution 
and Conſtruttien ) may be the better underſtood, 
and that we may have the firmer Grounds for our 
whole future Practiſe, we will trace this Matter 
up to its Original, beginning with the formation 
f Equations. A 
Equations are generated (or at leaſt are ſup- 
pos d to be generated) by the multiplication of 
certain Binomial, in which a quantity, which 7s 

look*'d upon as unkyown, is joyn'd at Pleaſure 
others which are known by the Signs g and —. 
As if we conceive the unkown Quantity z am- 
biguouſly to ſignify any of theſe two Numbers, 
vix. 4 and 5, 10 that X is ,. 5, or 2—4 
Do, and 2—5 0. Therefore multiply theſe in- 
to one another, there is this Equation 22—52— 
4-|-20=0, or 7Z7z—9z--20=0, by ſumming up 
all thoſe Terms in which 2 is found. 

In like manner, if we expound 2 by c and 4, or 

by — and — 4, or c and * ſo that it will make 

——=0 Z Fc | | 
- = 21 or laſtly 
Q 4 2 


* 
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=> it will be in the Firſt Hypotheſis, 
22-—6-\-:d—4c=0o, in the Second zz-1-ze-\-744- 
dc So, in the Third zz—zc-|74—dc=0-. That 
is, ſuppoſing d-hc=q, A-, as d is, > or 
Pe; there will ariſe zz—qzTdc=0o, or ZT NA 
dc o, or Z＋LYZ— Ac o. 


So, if x=4, x=b, x=—c, d, &c. or x— 
4=0, x—bh=0, x--c=0, - dg, &c. Then mul- 
tiplying x—a-by x—b, there comes forth this 


Equation xx__xTab=o. And again multiply- 
ing this by another Binomial x--c, there will ariſe 
an Equation one degree higher ; that is, 

xi—bzx Acc abc o. Farther multiply- 


, 


4 " 


ing this laſt by x—d, will be produc'd an Equs- 
tion one degree higher ſtill, which is 


— | 
D abc 
e bc” —abd | 
8 — ad xx +bcd x -abed 5 
— rv. as 


And imagining new values of the unknown 
Quantity x, and thoſe either Poſitive or Negative 
at Pleaſure; you may go on infaaitely in forming 


more complicated Equations. 
2 5 * 
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Rom Wy” 3 of Equations we may infer, 


1. In ſeveral Multiplications, the hi higheſt Power r of 
the unknown Quantity advances one degree.” © 

Therefore, by the fir Multiplication, the un- 
known Quantity aſcends to a Square, whence it is 
call'd a Quadratic Equation ;.by the ſecand, to a 
Cube, by the third, to a 'Bi-quadratic, &c. whence 
likewiſe it is nam'd a * or Bi- quadratic Equa- 
tion, &c. 2 


2. There may be 4 many different Values of the 
alas Quantity (or Roots of an Equation ) as 
the unknown A has Dimenſions, and no more. 

This is plain from the Generation of Powers. 


3. The Sew of lf the Terms together is equal to 


nought. 


For by Hypot beſs the ſeveral generating Binomi- 
as, that is, the ſeveral Faors of the Sum produ- 
ced, are equal to nought; and therefore multi- 
5 d A into one another make nought. 


any of the Quantities aſſum d at 


be "= * 1 whe Ts place of the un- 
of uantity, that the Sum of all the Terms will 


fill be equal to nought. 
ASI in the foreſaid Cubic Equation 


ab 
. xx —ac g+ar=0; 2 
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Where there was x=4, or b, or —c. If «be put 
in its oe | | 


_— Þab 


thre wilt ang — — *.. if 
F* J 


be 


an be b. 5 2 abr ena, but -if —2 


| 2 . 
| . , 


d., 


"Which is manifeſt, both 8 the Efpofeinn of 
the Terms ( which is fach that they all deſtrey one ams 
ther ) and alſo from this confideration, that ſince 
the whole Sum was before equal ro nought by the 
ration, it 5s impoſſikle that an equal Subſtitution 
uit K ripn But this will be pror'd other 
| this manner. 
gh becauſe (by the Geneſis) ! is had 


Se — Labe==o, the 
fore by dividigg the whole by x", 115 WU be 


— 2 "Th 


35 


x: — 3 WN © | 


and multiplying by the ſame Power (which . 1 the 
Example is a Cube) of any of them to which; 


was ſuppos'd equal. For example, by —c* will k 
Kang, * 7 * 


— . IT —＋. 


T 
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put e =o. But the ſame is perform'd by this 


pins e 000 ee als Wanda San OD 
Multiplication, as if in the room of x you put 


f through the wbole Equation. For becauſe x=—c 
6 u — ie and — =— and — heuer 

ſubſtituting theſe in their places, the Sum of all 
„ il be, eee 


ual to nought, that is 
. og Tf INCASE TY 14 


. Therefore that is the Root: Equation, which - 
( * it be poſitiue or ie being ſabſtituted 
in the place of an unknown Quantity, males the whole 
Sum equal to nought. ym nt | 
For the Quantities which make this, are the ve- 
Wry ſame as thoſe which the unknown Quantity x 
did at firſt ambiguouſly ſigniſie; that is, they are 
its different Falvec, or, in another word, the Koors 
of the generated Equation. - But beſides theſe, 
a0 other Quantities can do the ſame. For Exam- 
ple, in a Numerical Equation xx 120, 
Fears by the Factors 3, and . Where 
con nce the unkaon Quantity & is to be 
I plein'd by the Number 3 or 4c if you put 4 in 
the place of x, it will then be 16-25-1120, or 
if 3, it will be 9=21-+12==0: But let 1 ps 
and then it will be 25—354-12:> 0, if 2 it will be 
4—24+12 c, if 1, it will be 1--7-112> 0- 
And ſo may any other Examples, and any Nun? 


: 


bers be tryd at pleaſure. 
8 6. Ha- 


9 
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6. Having chang d the Signs in the even places, 
without! changing the reſt, the Co-efficient, or knows 
Dwantities of the ſecond, third, fourth, fifth Ten: 
c. give reſpettively the Sums of the Roots, of ths 
Rectangles under two, of the Solids under three, 
zhe Contents under four, &c. But we are to take 
notice, that the laſt Term is always the Produd, 
whether it be a Rectangle or a Solid, under all the 
Roots. For 2 , J=q, = [, = 
And from theſe Factors pro, y—9=0, jt 
So, yo, let the Equation be form'd. 


e , u 
„Ar r y ro. 
„ ie 

, 4 | | 4 rr R 
r e eee e 2 


The Co- efficient of the Second Term, as itis 
here affected with the Signs, is 7-|-5—p—9, and 
the Signs being chang'd into the contraries, it is 
2, Which is the Sum of the Roots under 
Their Signs. For r and s were Negatim 
quantities by the firſt ſuppoſition. - But p 
pr—4q7—pi—35,* the known Quantity of the thin 
Term, is the Sum of the ReQangles under any tu 
Roots, with their proper Signs; for two of theſ 
vid. pq and , are affirmative originally, becauſ 
they are produc'd by multiplying an Afirmatin 
into an Affirmative, and a Negative into aN 
gative; and the other four are negative, by re: 
fon of multiplying the Affirmative into a Neg 
tiy 
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tive, from 2 they ariſe. Likewiſe changing 
the Signs of par- -r. pris, it is er 
—245, the Sum of the Solids under POET of 
the Roots, and thoſe affected with their proper 
Signs : for there- are two of theſe Solids ghich 
Originally have Affirmative Signs, viz. qrs and pro, 
becauſe they ariſe from the Multiplication M aa. 
Affirmative into an Affirmative (v:z. p& qintor) 
the other two, par, pgs are Negatives, becauſe on 
the contrary they are produc'd from the Multi- 
plication of a Negative into an Affirmative, vit- 
j into r and g. But the /aff Term pgrs (vit. the cun- 
tent under all the Roots) has a poſitive Sign, with 
which it is originally affected, by reaſon of mul- 
tiplying the Affirmative pg into the Affirma- 
tive 75. rH Loh | 

And in aWord; have an Eye to the Signs, with 
which you ſuppoſe the Quantities originally affe&t- 
ed, and how they are chang'd into their contra- 
ries, while you make Binomials in order to the 
naltiplication; and theſe being well conſider d, 
unn you cannot be ignorant of the Reaſons and De- 
andi monſtrations of al. EET * 


nde Seventhly, 1f che Affirmative and Negative Mem- 
30M bers which conſtitute the known Quantity of any Term 
1 of the Equations be equal in themſelves, they will de- 
thing troy one another, and conſequently that Term will be 
tuch utterly Loft. 4 1 2 | 
hefe And vice verſa, if any Term of the Equation be 

caulk van ing, thoſe Members muſt neceſſarily be equal. 

i And therefore (for Example) an Equation will 
then be without the SS. when the Po- 
ſtive Roots taken together equal to the Ne- 
ative alſo taken together. And ſo of the Neben | 
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-Eiptickly, The ous of an Equation may Ae; 11 
divided by ſome Binom;al, er of the ral 
Quantity, leſs the value of any of the Affirmative Roots, 
or meme value of any of the Negative onen. 
will the propos'd Equation: be divided by 
any other Binomial. 

Further by means of the ſaid diviſion, the di- 
menfions of = Equation will be fo much leffen'd, 
For Example, dividing the laſt Equation of four 
rr au 5 it will become a Cubical one, 

rmative, and two Negative Roots; 

pit ny dividing this Cubical by yr, you wil 
have a Quadratic Equation, in which are contain'd 
only one Negative, and one Affirmative: and 
- this very Quadratic being again divided by 5 
there refults a ſimple Equation y—q=0. Thus al- 
ſo, the Equation x'—5x*—51rx4-280=0, gene- 
rated by the factors x—5—0, x—$8=0, x-}-y=0, 
may be divided by any of them without a-re- 
mainder, but not by x or —, any other Num- 
der. For Example, dividing: it by K-, will 2. 
riſe xa 1 3x-5-40=0, an Equation eontaĩning the 
two e Roots, BE * 8 8 and 
5; Whi ng apain di . „ o, ” 
& Sg o, will be had in the Quotient * 95 

or x5 So. | 

Hence, if the Sam of an Equation carniive be 
divided by a Binonual compounded of an un- 

_ known quantity -|- or am other given quanti- 
ty; that given — Is not the value of the 
Roots that | 


""Ninthly, 7 


$ 


ot. 4 the Cine fi, how in 


Equations (all ens: Roots of which are Reel) hs 
Num- 
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Of the Natare of Equations. 
Numbers of the Roots, both Aﬀermative and Negative, 


may be defin'd. _ © x 9 | 
many Affirmative Roots, as, in 


For there are as r 
2 continued Series, there are tranſmutations of the 
Signs - into —, and — into , and conſequent- 
ly the reſt are Negative: or (which is the fame) 
there are as many Negative, as there are pairs 
of Signs — and — or + and +, immediately 
following one another. So in the Equation K 
6x*—51+-|-280=0, there are two Affirmative 
Roots, by reaſon of two changes of the Signs, viz. 
of + into —, in the Terms & and 6, and of 
into -g, in the Terms 51- x and 280: One alſo is 
Negative, as is manifeſt without regard to the 


Signs. | | 

And by the ſame Rule, in the Equation 2—4 
Z —192-1062z—120=0, are three Aſfirmatives 
and only one Negative: For there are three varia- 
tions of the Signs, and but one immediate ſucceſſion of 
the ſame Signs. And the reaſons of all theſe will 
eaſily be deduc'd by Young Students from the 
nature of Algebraic Multiphcation. 9 5 


Tenthly, and Laftly, From the ſame principle 
proceeds a Rule fer changing the Roots of Equations, 
Afirmatives into Negatives, and Negatiues mo A. 
fr mat ive. PAL | F 

That is, by changing the Signs in the alternate 
Places (as 2d, 4th, 6th, &c. or iſt, 3d, 5th, &c.) 
the reſt being not chang'd at all 2 

For Example, the Equation z'——q4z—19z+ 
1062—120=0, contains three Affirmative Roots 
2, 3, 4; and another Negative one—5. But the 
Signs being chang'd in ev ces, comes forth 
_+-gh 1 921062120, in which _— 
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fore by Power of the firſt Rule, three are Nega- « 


8 


tive, viz. — 2, —3, —4, (the ſame which before 
were Affirmative) and one Affirmative which is 
5s (which before was Negative) that is, by this 
operation, the Equation is chang d into that ve- 
ry form under which it ſhould appear, if by ta- 
king the Factors fz , EZ To, z--4=0, 
2—$5=0. But the ſame would happen if the 
Signs were chang'd in the odd places, and there- 
fore if for 2 -E — 19'162 — 120. π , write 
——4qz+19z--106z-|-120. For here there 
are the ſame three Negative Roots, and the ſame 
Affirmative as before, only the Members which 
compoſe the factors are tranſpos'd, as inſtead of 
EZ, z+3, EA. z—5, there are 3-|-z, 3+, 
4 Er, 5—z, whence the higheſt Power will have 
a Negative Sign. | 
Schol. For the further explication of the Nature 
of Roogs let this general diſtinction of them be ob- 
ſerv'd, by which they are divided into Real (or 
Poſſible) and Imaginary or Impoſſible). Again, 
of the Real ſome are Afirmati ve, and ſome Nega- 
tive, of which alone we have hitherto diſcoursd. 
As to the Impoſſible, we are to know that they 
are neither Affirmative nor Negative, and con- 
ſequently the Underſtanding can have no con- 
ceptioa of them. But all Impoſlibility owes its 
2 to a Negative Square, and is founded upon 
that. | 
For there is no Quantity given, which we can 
any ways imagine or explain, but if it be multi- 
ply'd into it ſelf, whether it be Negative or Affir- 
33 it will make an Affirmative Square. There- du 
ore the Root of a Negative Square is ſomething 
Fictitious and Impoſſible: As are alſo the So 
TY 
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of all Negative Powers which are deſiga'd by eve 
Numbers, as reducible to Squares. , 

Now hence riſes a neceſſary limitation, rela- 
ting to one of the Rules at leaſt which were 
brought before, and without which it can by no 
means be receiv d as univerſally true. That is, 
When none of the Roots of an Equation are impoſſible, 
then we may ſafely judge of the Number of the Affr- 
mative and Negative Roots by the Signs of the Equa- 
tion. Whereas it may happen, that there may 
not be as many Affirmative, as there are yaria- 
tions of the Signs g and —; nor ſo many Ne- 
gatives, as thoſe Signs are found following, one 
über „ 0) 169095 fu 4412, 199k r Im0y 146 
For the Impoſlible Roots are neither Affirma- 
tire nor Negative, as was ; ſhown before; and 
therefore when an Equation ſhall include any of 
them, the Rule 55 of no force, except ſo far as you 
ſhall eſteem them for ambiguous ones. For the 
better underſtanding of this, we muſt know, that 
Equations may be generated by a continual Mul- 
tiplications, not only of Kea! and Poſſible, but 
alſo of Impoſſible and Fictition: Quantities. As if 
you ſuppoſe x=2+/—1 , and K * 
on- { where the Impoſſible Quantity is the Root of Nega= - 
20- Nie Unity) then multip- x2 —I=o- 
Wn rr 

on If there will ariſe the Product s'—2x—x/=1—2x . 
tH+b2v/—I+x/—I—2/—1-1=0, or reject- | 
can Ying x'—4x+5=0, which is therefore an impoſſi- 
1ti- Je Equat ion. But this heing again multiply'd in- 

to x—2=0, for «x „it will produce the E- 

quation x'—6x*-þ-1 3x—10=0; whereof if you 

regard the Signs,three Aihrmative. Roots will ap- 
pear at firſt view: * one of them is _ 


a. + 
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Md the other two (as you have ſen alceady) 
are imaginary and 

So the Equation 5 (in which 
from — variations of the Signs you would pre: 
ſently imagine there were — Affirmative 
Roots ( there ariſes from the Roots 2, 1-4/2 
1272, the two latter of which have the ſame 
Mark of Impoſſibility. 

And hence it may be ade cantata; that 
it is aot univerſally true, That there are as 1 

Roots of any Equation, as there are 
bigheſt Power ; unleſs you extend the Notlon of 4 
Root :. every thing ( poſlible or impoſſible ) which 


you conceive does any way concur to form an 
And indeed it is true, that the impoſſible Roots 
themſelves (as well 25 the reſt) being ſubſtiti 
ted every where in the place of an unknomt 
Quantity, leave the whole Sum <qual to 
as will be plain to any one who makes tryal of it 
But if vou mean by a Root only this, What mg 
be explain'd or ood, then the Rule muſt us 
dergo a limitation, ſince otherwiſe it may plain 
17 iy appear, in «bundence of Caſes, GET is fall 
and faflacious. 
But there are one or two things to be hintel 
concerning theſe im Roots; in which we 
follow that Great Man Sir Iſaac Nen, in = 
Treatiſe before-mention'd. 


* Since the Coſes of Problems, 3 
ſible, but in other cingumſt ances altogether in- 


sx rere roger 


his re he Ro the 
| eng . 3 , r ru *n 
x" of would repreſent all Taue, a L an. 


on —— ener mea , 


by conſtrqing the Equation zz—az-|-þh==0, 


80 i 
where a Circle is deſcrib'd with 


meet, when the latter 
poſlibili or impoſ- 
NO ly hen 
lon, in which the Value of the un- 
known Quantity = is expreſt (that is, z=4«+ 
/22a—bb) For according as we ſuppoſe 4<> or 
<b, ſo may the Square a- be Affirmative, 
or «25ve, and conſequently the Root of it 
(296 the whole 4) is either poſſible ot impoſ- 
" KOES 


timer Real and Poſſible, ſinte they are not to be 
explain d by Figures; that is, when it is im- 
poſſible to exhibit them by Schemes. 


The reaſon of which is, that thoſe Relations 
vhich we may imagine Quantities in an Equati- 
on, to bear one to a are too abſtracted 
aud general, to be confin'd under the narrow 
limits of Figures. 2 „ ne t rene 
As if this Equation be propos d Z . In 
theſe abſtracted Terms, there is nothing meant 
in this Equation, but that x is a third Proporti- 
anal to two Quantities y and 4 And this 
nill be always polible, che Quantity « reatiniag 
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unvary d, and y varying, nay, increaſing infinite- 
Iy- But if you would explain this very Equati- 
on by the 1 of ſome Lines 1 — 
cal Figure; for Example, a Circle, ſuppoſing the 
Ban a: the Chord Gs from its extremity 
3 —1 will x be the Abſciſs belonging to that 
id. 2 | 
And here, in determining the bigneſs of the 
Quantity y, you have certain limits ſet you, by 
the nature of the Circle, which you cannot po 
beyond; for it will neceſſarily be leſs than «, 
otherwiſe you will never have, by a Circle, any 
third Proportional, or Abſciſs x. . 


3. But we muſt obſerve, That as this Impoſſibili- 

ty owes its riſe to the Nature and Property. of 4 

certain Figure; ſo by applying a Figure of à dif- 

ferent Nature, it may come to paſs, that there 

be no Impoſſibility at all found, but that the Ge- 

ometrical deſignation may go always even with 
the Algebraic expreſſion: W 


So in the former Example, if for y you put 
the ordinate for 4 the Parameter of à Paxabols; 
then will x be the 'Abſciſs of the Diameter, a- 
_ greeing to that ordinate. And by the Nature 
"of this Figure, whatever length you take for the 

Quantity y, you will eternally aſſigu a third Pro- 
portional x within the Bounds of the Scheme. 


4. Note, That the Number of Impoſſible Roots 10 
always even. | | | p 


For the Number of unequal Roots which to- 
- gether become equal, is always even; and _ 
; 3 | re 


"mr EC © &., 


yy 
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fore the Number of them, which come forth In- 
poſſible after equality, muſt be even. But after 
what manner two unequal Roots, together be- 
come equal, that is, two interſections of any 
Curve, are at the ſame time converted into the 
point of Contact, the Young Student muſt be 
taught from Geometry. | þ 

| 112 ? 2212 1:8 
Fifthly, And for this reaſon, the Equations of uneven 
Dimenſions, cannot have all their Roots Impoſſible.” © 


Having explain'd theſe things, in treating of 
Equations, we now proceed to Problems or ne- 
cellaxy Practiſes. 


Prob. 1. To find out bow many Impoſſible Rocts 
there are in any Equation propos d. 


Fhe different parts of this Rule, as they follow 
in order, we ſhall treat of in the Practiſe it ſelf ; 
for ſo the whole will be more eaſily apprehended, 
and more deeply rooted in the Mind. 

Suppoſe the Equation x'——4xrx+-4x—6=0, 
in which 10 Term is wanting, and according to 
which, as a Standard, all the reſt (of whatever 
dimenſions they be) which want no Term or only one, 
are to be treated. - a doe en 

Write down the natural Numbers up to the 
Number of the dimenſions of the Equation pro- 
pos'd, which here is 3, uz. 1. 2. 3. And over 
theſe write the ſame Numbers, but in an in- 
verted Order, by which means come forth 
the following Fractions 1. 2. 3. divide the 
laſt of each by the former, viz, ) 2 
(J, and Z2) 3 (3 * Quotients — 
3 2 
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and J over the middle Terms of the Bquation, 
after this manner, x mgrxx +44 a—6=0. Take 
the Squares of the middle Terms, multiply'd into 


the Fractions, which are over their Heads, viz. 
16x* I16xx 


* & ——. Compare them with the Rec- 
angles of the Terms 5 —— on both ſides, viz, 
16.X4 


I with & x 4x, "=. —== with 4xxX*6. Accord- 


ing as theſe Refangles | are greater, or not greater 
than the Quantities aforeſaid, with w 
are compar d, ſo under the middle correſpondiv 


Terms, write — or +: as becauſe rs & 


axe r, therefore under the Term 4xx | 


write -, and — under 2 And then the Equa- 
tion being Ir by its Signs, appears 


thus, viz. 4 l 4 x—6=0. In all caſes 


place the Sign Rane the firſt and laſt Term of 
the Equation, ſo that now the whole order of 
the Signs under written ſtands thus, viz. 


14 La, x—6 =0. Having done this, we 


* 8 this Rule, there are as many lu. 
poſſible Roots, as there are variations of theſc 
Signs. (Which are plc d under) of -j- into — and 
——iato-j-. And for that reaſon there are two 
Roots of this ſort in this Equation, derne cher 
happen to _ two vesiations of * 


1 


2 
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4=0, two ee Roots will be diſcover. | 


For it is — > 4 & 8 , & 1 


—0x3, & 10xx> gr. And therefore the Signs 
are written under in this Order,oiz + —+- 
Where any Term (but none but. one) is wanting 
we are to conterve 4 Cypher in its place) and in the 
reſt proceed as above, aſter the fame manner as 
if that Term were not wanting . 

For Example, Suppoſe an 1 Equition xSk—6xx 
==} X—2==O, there e the ſeries of oo N 


Numbers 1. 2. 3: 4. | 
; And the ates: 7. 3 
"| 4nftheQuodentvarifing#)z G. FED 94G: 
The Equstion wich the ; .  Þ 
— 2 written . Labem 


| ie 


* 
: 4 , 
* 
» *Y . 
0 i # & 2178 n 


2 2 M19 + | 


aan ths Terms 7 
ſtanding on both 1 about 
Im. nn 9 


— wi.) 
org 
9 
| is O 
The compariſon of the | & 0x32 214A a 
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So that under & we are to place +, under Cr FE 


alſo +; and under 3x the Sign —. 
Whence ſuppoſing alſo - under the firſt and 


laſt Term, the Order of the Signs written under h 
| 3 þ 

proceeds in this manner, e S p 
$$ Ft 

by which it is concluded. that the Equation Pro- fl 
pos d contains two Impoſſible Roots. it 
When two or more Terms are wanting at th 5 
fame time, the Practiſe is to be in a method in 


ſome few things differing from the former. That 
is, under the Firſt of the deficient Terms write —, T 
under the Second , under the Third —, and 75 


th 


on, changing the Sign re Unleſs the 
Signs of the Terms "(which ſtand next abqut the defi- 
cient ones) are contrary, for then the Sign - is al- 
ways to be plac d pacyr: the laſt as mow * 
are wanting o- 

As in the Equation ear =6, or x". * 
XKR E, under & and 4, the firſt an la 
Term of the Equation; +'is to be written, under 
ars likewiſe +, becauſe 4 4 * xo, and (ac- 
cording to the Tenor of the Rule) — is to be 
plac'd under the firſt Term of the deficients, un- 
der the ſecond To under the third —, becauſe 
the Sig us of the Terms a und a ate not contra- dle 
| So that now having made the deſigu d diſpo- th 
ſition of the Signs, the Equation ſands thus, 
N * K * * So; : - — a are 

dur . — of the Sigus, and conſequently 
four Impoſſible Roots. But if the Signs of the 


Terms «x4 and «* hg b. _ contrary, 8 as in this 
_—_ 
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x eee =o, then the laſt 


N . 2. 

d of the deficient Terms for that reaſon would have 
r bad the Sign + written under it, and then there 
had been only two impoſſible Roots. And this ha 
pens-alſo in the Equation following, which 
the ſake of young Beginners we ſhall treat of more 
fully; where notwithſtanding for other reaſons 
it happens that ſix impoſſible Roots are found. 

be Jl Suppoſe for inſtance = OR TNT ** 


7 IN { The Series of Numbers for the Dent 

the Of Fraftions . . 1. 2. 3: 4 f f. J. 

The Fractions themſelves f. f. J. . 3. 3. 2: 

ch * . . 3. , 4+ 3 ;- 
. 


— 4 —— 1 LE 2 x 


PR 
- . 


Equations with — 13 2 


of 
the Fractions 4. Ls. 
— na ſcrib ed oF” MM 4 * —3 2,0 
be i 17 * ; #1 44 4 
- , | I2 5 10 12 1 
. 
ra- Idle Terms multiply d i into ?: | | 
| the Fractions. A ov - 3s 
2 4 8 
us, | 3 
arc 
| The Rectangles of thoſe or | 
Terms which are neareſt 3x”. 4. 3 o. 2 
the mean Terms. | Offs 


The : 
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45. 


| 12 
- The Co of the 7 3 4 
Squares multiply'd into the 
wn enn the Rectangles s 588 


15 


.. Therefore Wa the ſecond Term of the b. 
8 we ſhould write the Sign —, under the 
ird , under the fourth —, under the fifth oy 
under the firſt deficient Term —, under the fe: 
cond (which is alſo the laſt of them) we ou ; 
to write , for the Signs of the Terms an 
are contr z and laſtly under the firſt and bi 


Py tt _ » _-©” woes =» _ = i mw. a4 _ aw 


Term of 't e . the Sign -; 45 has been o 
very often hint r6 the Gio of 
an had, wie. HE 

lx 3. — 2X EX * * 2 


259 +: — —— — 17 175 8 
f * 1 


by which it is i ſhewn, that there i is but ane rea, 
and ſix impeſſ ible Roots of this Equation. 


' Schol. f. But we thaſt take notice, chat then 
may be more Jmpeſſible 4 Roots than this Rule will diſcs 
ver; but this ve happens, acc to the 
Judgment of the, Celd tate Sir Iſaac Newton, d 


whom we owe theſe Rules. 


Schal., 2. Tho cheromey be more Tmpoſſible Root 
than are dĩſcover d by 7 7 of this Rule; yet 
it ſuppoſes, that there are as many Rovts of thi 
fart, as there are variations of the Signs under-writ 

ten 
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: And therefore, 8 Mark ( wherever it 
eg, it thews ſome Roots to be. 


There fore in Equations, all the Roots of which ave 
ible or real, 3 
d. -vritten Signs. It may indeed fo fall out, tba 
1% Variation Can » Where notwithitanding 
eure may be an Impoſſible Root — 
Eke more than what the Rule diſcovers, and 
the ! Rule only j by the variations of the — 
＋ — where a 1 hap 

an impo Root ſhould not be found, it 
a foreign to the Senſe and Mcaning of the 


And therefore in which involre 
none but real Roots, we «re nat to expalt any change 


tion f the Signs under- written. 
| But 2 hy cis 22 af the 
Signs, if the Sig Cd under the frf 


and laft Terms . — 0 
Terms be not in like manner . 
cording to the Rule, the 
rea Terms will by no means be 


all the intermediate 
ve. And ac- 
of the middle 
mative, the 


Squaresof them, multiply d into the Fraftions ver- head, 


ly exceed the 


les under the Terms 
there , both ſid es. Wherefore in Eq the 
Roots. of which ave real, the Squares of the middle 
tie Terms -multiply'd. into the Fractions over - head. 
„ 0 he perpetually to exceed the Rethangles under the 
Terms next on both ſides. this being 
univerſally demonſtrated, from the Nature of the 
Loot} Coefficients, with which the middle Terms of an E 
» yer tio are adjetted ;, the reaſon of this Rule will be 
"all Plain, which teaches us to diſcover the impoſſible 
writ] Roats from a contrary Cauſe (viz. the deficien- 
1 © of the 9 maltipiy d into the * 
1 m 
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from the Rectangles . But it is ſufficient ( to il. 
laftrate this) to add an Example ja Numbers. 
_ the Equation z'—8z:+172z—10=0, 
Whoſe Roots are 5. 2. 1. all real and affirmative, 
Now it will be 64*3> 17 and 289 1 80: ſo 
that under the ſecond and third Term the Sign- 
fhould be written. If the Roots were 1. 2. —5, 
whence the Equation x'4-2x'—1 3x-|-19=0; in 
this Caſe, it Is F > — 13, and >! 20, and 
therefore the Sign + muſt again be plac'd under 
the the ſecond and third Term. Which would 
be the ſame, if the Roots were —1. —2. C;, 
and the Equation #—2x'—13x—10=0; or —1 
—2.—5, and the Equation z'-j-8x*'-|-17x--10=0, 
as is plain upon fight. r a | 
So taking any other Equation of whatever Di- 
menſions ( whoſe Roots are all real) you may 


- 


find the fame: 
© Probl/2: To fi whether Impoſſible Roots lis amon 


m 


the Affirmative or Negative ones. 


__ Obſerve the Signs of the Terms in the Equa- 
tion, which are over the varying Signs written in- 
der. For there are as many Afirmative Roots 
Impoſſible, & there are variations of theſe Signs, and 
as many Negatives Impoſſible, as there are Succeſ- 7 
frons of them without variation. 15 
For by the Generation of Equations, there are 3s 
many Real Roots, Affirmative or Negative, as 
there are Variations or Succeſſions of the Signs i 
the Equations. And by the Rule we have produt'd, 
there are as many Impoſſible, as variations of the 
Signs written under. | | 


> XY =, 14A . 
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Therefore according as the variations of the 
Signs under written anſwer either to the varia- 
tions or ſucceſſions of the Signs written above, ſo 
it is a plain Proof that the Impoſſible Roots lie 
conceal'd either among the Affirmative or Ne- 


* 


ative. 7 8 
As in the Equation x'=—4x%-qx'—2xx—5x—g£ 
- oj 
So, the varying under written Signs are 
- — -|-, to which above anſwer 
— + , viz. of the Terms —gx+*, Tax and 
. — xx. 14 1 

Now the two variations of the under written 
Signs denote two Impoſſible ones, and the two va- 
riations of the above written Signs ſhew two Af 


firmatives : and conſequently the Impoſlibility lies 


conceal'd among the Affirmative, or the two afore- 
ſaid Affirmatives are Impoſſible. And therefore 
fiace the Signs of the Equation propos'd (ſtand- 
ing in this order) + — + — ——, do ſhew 
three Affirmative Roots, and two Negative, and 
two of the Affirmative ones are Impoſſible; it 
follows that the Roots of the Equation are to be 
ſo computed, that is, only one true or real Affir- 
mative one, and two Impoſſible Affirmatives, and 
two real Negative ones. n 


Probl. 3. To increaſe or leſſen the Roots of any 


Equation by any given Quantity. 


That is, any Equation being given, to form 
another in which the yalues of the Roots may be 
greater or leſſer than the values of the Roots of 


the Equation propos d by any given Quantity. 
S- 


jo Of the Nature of Equation, 
| Suppoſe another unkgown Quantity - or — 4 Quan- 
| n ion given, in- 
to the place of which a new Expreſſion, ariſing from 
hence, is tobe ſubſtituted throughout the whole Equation. 
For Example, Suppoſe an Equation y+-3y— 
15y —19y-|-30=0, and the Root y were to be in- 

creas d by the Number 4- 


Suppoſe 1=y+4 „. . whence 


iS +967 — 256 56 
＋ 327 —36 ＋--¹ 44 — 152235 2 
Erie —19 

19% + J6=—19y 


ce 


» - ” 
— 


* — 3 tt *. 


The Sum 24—1 37*-+-457*—115—70=0; where 
the Roots (which before were 1, 3, —2, —5J) 
increas d by the Number Four, become 5, 8, 1. 
—1, one of the Negatives being turn'd into an 
Affirmative. But that the nature of this Problem, 
as 7 the * the ge ypc es thence 
ar amon Roots of the Equation, m 
be —— Rood, let an Equation be form's 
2 any Roots whatever, viz. y—a=0, =, 
O That 


ne Equation nhoſ 
Root (for Example) is to be ineressd by the gi- 


ven Quantity . Therefore it will be x=y-4, 
* ==), and by ſubſtituting there ariſes þ. 


- 
. 


f- 
* 
» 
A. 
— 
* 
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» ** » 
- % " F. . 


. 4. ; * ks tk i 1 5 - * 
Erro. 


But this Equation would be produc d by mul- 
tiphying 2—4a—# into z-j-b-8, ſo that the values 


z are , and -g, and conſequently you 
have a new Equation, in which each of the Roots 


are — than they were in the er r. 
Quantity 5 
Mt The Afemerie mich, befor N 
a w 
indeed is greater than , by , but 3 
mains LA ſuppoſing that þ exceeds n. The 
—4 eſſion La, 1s 44 greater than —, 
it maſt neceſſarily be expreſtd by « teffer 
— As —4+3 or —1, is ſomewhat greater 
than —4, yet 1 isa leſſer Number than 4. Whence 
to ſpeak in the Sty py Cartes we ſhould ſay, That 
rhe iſe Row i of by the ſame Quantity, as the 


true one 15 rais d 
a If we ſuppoſe nb, then the Equation i is turn d 
ato this, — o, 0] Q No. 

is, 3 — Rost 1 augmented by « Q- 
tity equal to any Negative Root, that Negatroe Root 
will diſuppear, and conſequently menen of * 
Equarien will be one degree leſſen d. 


if * then 25 will = Negative 
-am—ab will have an Affirmative 
one, ſo that the Negative Root by this means be- 
comes Affirmative. That is, F the Affrmatiue 
Root be augmented by a Quantity greater than one of 
the Negatives, that Negative will be turn d into an 


22 
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Affirmative : and conſequently, if the increaſe of the 


Affirmative Root exceeds the greateſt Negative Root 
all the Negative Roots will be chang'd into Aferma- 
tives. 1 4. 


If »<b, then the Quantity -b E- 
will be always a Negative one, but — 21 an 
Affirmative, if b 4-2#, but Negative if b <aþ+21; 
But in either Caſe, one Root will be Affirmative, and 
the other Negative, altho' in the firſt Caſe the Nega- S 
tive is greater, but in the latter, the Affirmative. _ 


From theſe few things, it may be eaſily ga- 
ther'd, bow it would be if the Affirmative Root 
were ta be made leſs, or on the contrary the Negs- 
tive to be augmented, by given Quantity; and t 
in any Equations whatever of higher Dimenſions: 
ſo that there is no need to inſiſt any longer on 


the Explication of them. 


oy This Problem, my be of Service for the fallow- 
ing Uſes, 


Firſt, To take away the ſecond Term of any gives 
_ "Equation. or rather to change it into another 
Equation, which wants the ſecond Term. 
- Suppoſe x'—{xx+mmx—r'=0o, and make z= 
X; for the Sign, as well as the Quantity 9, 
ought to be diſcover'd, and therefore to be left 
as undetermin d. Therefore it is x, which 
_— being ſubſtituted into the place of æ, there 
aries | 2 "I VIJET ; 


3 C* 


4 * 


ad 
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That the ſecond Term may be ont, 377 and 
zz ought to be equal, and ſhould have contrary 
Signs. But {xx by the Hypotheſis of the Firſt Equa- 
tion has a 1 Sign; therefore 34 of q it 
ſelf muſt be Affirmative, therefore it ought to be 
xc. Moreover 3q ought to be equal to , 
it is therefore q=3/, and therefore HTL. 

If in the Equarion given it had been ¶ lxx, then 
in the other it had been +{;, and conſequently, 
3:24 maſt have a Negative Sign, that is, 34 mult 
be a Negative; whence it ought neceſſarily to be 

Dx, or l= &. — EG 
la the former Hypotheſis, where Ax, there 
had come forth this Equation, Hey 2 1989 


1 1 2 
= — — 5 
* 12 | o, 


Em. 

--3lm' « | © | 
. o N as 1 1 

la the latter where lr, | 
| - F = , | 1 
51 | pete 
LF —zl 4231 - 443 7 ALI 

m X flu , Gille 

8 2 ̃ 


in both of which the ſecond Term is wanting 
To have a General Rule, we ought to propoſe 
n Equation in General Terms; For Example, 
M nm, &c. So. Then fuppoling 

4 A, it will be p 
; oof 


* 
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rz, %, &c: _ 
— , &c: © 


and that the ſecond Terms may deſtroy one ano- 
ther, 72” i ought to bave an Affirmative Sign, 
ſince / (by the Hypotheſis) has a Negative one. 


Further, it will be q, or 9=— that is, to 


the knows Quantity of the ſecond Term, divided by 
the Number of the Dimenſuns of the firſt. If there- 
fore the Root of the given Equation be leſſen'd by thi 
Quantity (the Signs of the firſt and ſecond Terms 
being contrary) or increas'd {when they are the 
fame ) the ſecond Term will be ont. 

Now this taking away of the ſecond Term is uſeful 
for ſolving Quadratitk adfeited Equations. As if 


y-—9—bb=o, and it be) — 1 , or y= ry 
then it will be 


2 or za bb, 
— 4 — 24a UO EXT 
* 2 * 5 


whence x= VA, therefore q =- 
Bat as the ſecond Term of an Equation may be 
taken away by the Solution of a fivzple Equation, 
ſo alſo the third Term may be taken away; but 
by the reſolution of an adte&ed Quadratic Equa- 
Tion. 

As in the foreſaid Equation K rA E 
o, Where ſuppoſing v =, there reſults 


* 
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. 


That the rhird Term may vaniſh, it ought to 
be 37 -n =0, that is, 4 —3/9=—w ot 
m— PR 

(—31q-1-34=34{—mmghereforeq=34/ jm 
3 


3 
Hence, fince z-1-q is written for æ, there ought 
alfo to be written z4-3/+ for & in the 


TI 


3 
uation 'd, that there may ariſe another 
Do in which the third Term may be want · 
ing, and the ſecond not: Which may alſo be ea- 
fly illuſtrated in Numbers. | 
The taking away of the other Terms ( as of 
the fourth, the þp/tb, &c..) would require the re- 
ſolution of higher Equations; which there- 
fore we omit. as an uſeleſs piece of work, | 


Secondly, By the help of this Atifice, by which 
2750 the Values of the Roots are chang d ( that is inerea · 
. bed or leſſened) deficient Equations may be fil dp, 
ſo that no Term at all : And be- 
on; ſdes, that the Equatiog may «iſe to any given 
on Number of Dimenſions. 
l: For Example, If it be & -r , ſuppoſe 
=, and the Powers of it in place ot the 
Powers of x, which ate found in the propos 
Equation;z and a Cubic Equation will ariſe, in 
which there will be no Term wanting, if there 
ve defired a complete 9 Equation, thy r 


r 
6 =: E. 
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tiply the ſeveral Terms of the given Equation by = 
x, whence It is x*F=grx*-|-4x=0, and then Fub- | 
ſtitute every where y—a inſtead of x. So if it 
ſhould be x'*X*XF#—bxx-|-cx—r=o, and in the 
place of it another Equation of eight Dimenſions, I | 
which has all its Terms, be requir'd, let there be 
written NN Ec r , and ſuppo- f 
ſing == m, let 4 new Equation be form'd out of 
the Value of the Root x, according as the Powers  t 
of the in- compleat Equation direct. x 


"Thirdly, This Operation is uſeful to the findin uf 
Impoſſible Roots, which the fore going 25 2 t 
ſometimes bidden and conce al d. f 


As if 34d — 3d , by trying z the Impoſſible 
Roots according to the Rule, the will be found 4 
none at all. For writing (over the middle Nl © 
Terms) the Fractions which ſait with the nature 


of the Equation TY —3⁴ = os tuin be 


Il 
O> —34d, and 34. So —34 (=0) whente 'the 
under-written Signs ſtand in this order +-|-|-+ ; or 


and therefore -you cannot conclude there is 20) th 
mene Root. Re 
But let the Root ⁊ be incres', hat it may 11 ba 
for example, r 80 
therefore y —35 TN — 


r Now it ö 


plain that 49 or 39 34 34; and there 
fore under the ſecond Term the Sign -|- ought to 
be written: But "ray, * — 8% 9 


with thi ieee, 37 vy 44 gd'q (chat * 
CIT 
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third part of the Square of the middle Term with 
the Rectangle of the Terms ſtanding on both fides)- 
or 99'—184'4' - with ggfg-274d'-}-27434, or 
(by throwing out on both ſides 94˙, adding 1844, 
and laſtly dividing by gd) comparing 4 with. 
344—4' ; if 4 344-4, then alſo under the third: 
Term the Sign - ſhould be written; and there- 
fore there will be no Impoſſible Root- But if it 
be 4" <3dq—49, in that Caſe we ought to wtite 
the Sign — under the foreſaid Term, and then 
will preſently appear two Impoſſible Roots. 
Therefore it is manifeſt, after what manner' 
the Increment of the Root ought te be talen, to the 
end that the Impoſſible Roots, which were be- 
fore conceal d, may nom ſhew themſelves. And in- 
deed if it be q=4, - the Equation will appear 
thus, y'—3y'qX—4'=0, where at firſt fight are 
diſcover'd two Impoſſible Roots. ” 


Probl. 4. To multiply or divide the Roots of a gi- 
ven Equation by any given Quantity.'- *, x * 
Suppoſe any other unknown Quantity multiple 

or 2 2 4 ratio) of the Root 2 

the Equation propos d, the new value of which 

Root ariſing from hence, is to be ſubſtituted in 

its place, and ſo there will be form d the Equation 


Sought. Steen 
2\—azz-|-mz—j=0, and ſuppoſe 
N | hs 


Suppoſe | 
v=rz, therefore ,; whence it will be = oo 


Aro; that is multiplying all into r! 
| PQ 6 * IEALLL .H 754 biugth 
rav rm - o. 


8 3 N 
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f the Quantity - be exponnded by any Integer 
Number, this operation is the —4 $9 hd Nil. 
tiplication of the Rgot (2) by the ſame Num- 
ber: But if be 8 Fallon, then it is à diviſion of 
the Root < by the ſame Number. That is, the 
Root » is the multiple or ſub- multi pie of z in the 
given ratio of r to 1. For Example, if 13, or 2= 


„ ... 53 avv., mv { 

Ju will bers r or multi- 
plying all by 22, 3 f gmmw—27b3=0, If 
B, or z, it will be 2743—94v0-|-3nnty 


| 1 nuv 
=o, that is diyiding all by 27, — a 
ps, _ | 
7 


- = which it is manifeſt, That rhe knows Quanti- 
ties in the new Equation, are the known Quantities 7 
rhe given Fquarion reſpecti vely multiply d ine : 
"ee that Owentiry, by which the Rot 35: to be 
multiply d or divided. | 


This Operation will be of uſe —— 


'Virft, T6 make the known Quantity of amy Tine 
in ant Equation, onal to cby- Filer Srvew Gnawin 
mbatever 2 *. | | : 

As H in the place of the former Equation 2 
Mn go, I ſhould demand another, in 
which the known Quantity of the ſecond Term 


ſhould not he a but d. Make 1 2 or 2=— 


| 5 ll 
where we are to determin the value of the Quan- 
rity 
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tity 2 in the 6e. Quantities 4 and d. Where- 


fore ſubſtituting — — ia the place of z, it will be 


- 7 —— —— 


2. "ad by the Hypotheſis the known Onan- 
tity of the ſecond term ought to be d, therefore 


4 4 
44=d, or = and by putting — ” — for q ia the 


laſt Equation, you will have „I. e, — 


Pe =o, an Equation in which the known Quan 


3 Term is 4, according as. nay 


If in the place of the former an other 
tion were 3 Ye 2 third Term 
ſhould not nn - making à new 
Equation (as before) it muſt be ung i or 


=. whence will reſult the Equation 105 


2 ＋ ff vom 22. ja which the koonn Qrage 


tity of the third Term is f. n 
Secondl bi Equat be deliver d 
7 — Te Factions, 


e be brought to TN 40s prey 
939 22 Integral. 


þ 4 - furs 
u- 84 n 
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Soppoſe e the Equation x*—x*/p-|-a"x— 


d 
oe —=0, 


and i it be L=xq, whence =, therefore; — 


1 5 and H 


If now Abe indeterminate Quantity q were = 
or * or p 'Vp or 5 or pp, &c. that is, * 5 f 


75 5 555 75 „ &c- Then all the Terms won d be ra- 
tional, that is, /p would appear no more in the 
Equation- But this would not happen, if q were 
to be 8 by p. P. p3. & c. for the Terms 


Wand 750 would always remain irrational. Let 


fore. pe, as the moſt fr mple Expreſſion, 
rk will be 4 4 d, the Equa- 
tion deſir d. Where we muſt” take notice that 
(the known Quantity of the ſecond Term) is 
multiply'd by 2, and a (the known Quantity of 


| the third Term) by LO and 4 = (the fourth Term) 
by 45 For itis I 4 =a * 7 2 


«Jn number, kene? 2 — 1 = 


"to is found „ 4 u, por * * 3 * 
values being ſubſtituted in the former Equation, 


une ariſes —3 I =O, 


Let 


GW as  O#Awa 


— ww 1 4 2 —— — — 1 „ HK «a 


CU 


2 
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Let there be further propos d an Equation in 


general Terms EE =0, and let it 


be to be freed from Fact ions. Imagine v=rz, and 
let the Quantity r neceſſary for this end be found, 
as the Quantity q was ſought before, for taking 
away the "Aſſymetry. Therefore writing every 


where — ia the place of Z, you will bare (mul- 


tiplying by r* ) v—mre/ + LT =o. Theſe 
things being ſappos'd, many Suppoſitions may be 
made, in all which the Frattions will utterly diſ-ap- 
pear. As if the Quantity er be determin d equal 
to any — of the Quantity d, d and m in the 
mean while being Integer Numbers. Or if r or rr 
—4d-and m be any Integer Number. Or laſtly, 
if . and m be expounded by an Integer 
Number. 


But I undertake not to reckon up all the ways 


by which this may be per form'd. If it happen 
( for Example) that , r=m, and there will 
be this Equation - - o, free 
from all Fractions. In Numbers, if X — 3E 
23 , Where 3=m, 9=d, 26 =, 8=h; ſup- 
poſe v=3z, and at laſt will reſult %—gvuv4-26v 
—24=0. Where again appears the Multiplica- 
tion of the known Quantities of the given Equa- 
tion reſpectively, by the Terms of a Series of 
continual Proportionals. | 


Schol. By the Operations explain'd in this Pro- 
hlem we may ſee, how Equations, whoſe Roots 
involve Surd or broken Quantities, or are expreſs d 
| | (oy 
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either by rational and integral Numbers ; but 
perhaps too great and difficult ones, may be tranſ- 
muted into other Equations, which are more ea- 
fe, whoſe Roots may be rational or integral, or, 
tefs by any given Quantity than before. 


Prob. 5. To tranſmute the Roots of any Equation 
into their Reciproc als; that i os fm an E- 
quation, whoſe Roots are the Reciprocal of 
the Roots of the given Equation. 


Suppoſe the Equation x»—2x'—23x-\-60=0, 
VIE hg 1 n 
and let 8 N . 
So, and 1—2z—23zz4+-60 o, or 2 —41 
eri =0. The Roots of che given Equa- 
tion were 4, 3, —5, therefore the Roots of 
the new Equation are 3, , A, the Reciprocals 
of the former: Which is plain of it ſelf, for this 
Equation will be prodac'd by multiplying z»—+; 
=90,i—j=0,.+;=0, into one another. Se that 
by this means the greateff Root is chang'd 
into the leaſt, and the least into the greatefg ; and 
in this Example, the Root 3 into; and 4 into , 
and —, being now—; comes nearer to nought. BI 
this Operation, Ba | 
Firſt, Equations which want the ſecond Term, but 
have the third, ave tranſmnted into others which haue 
the ſecond Term, but want the third. 2 


A 
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$3 


af al, if TI x—#*=0, let it be x=z whence 
75 81 So, and 1+3m"z'—zz'=0o, ora 


=: A * — 


S & 


Second:y, On the contrary, thoſe Equations 
which have the ſecond Term, but want the third, 
by this means are turn'd into others RICH Want 
the ſecond and have the third. 


Which is manifeſt by the laſt Equation z'— 
„ which (if you make vibe 


zm I 25 zm's xt 
2 — — 
TI 0, Wt, FL 8 


b 


So alſo Biquadratics (in which are found the 


2 and fourth; Terms, but not the ſerand) are 
ng d into other Equations, which have the 
frank and third Term, but not the Toons. As 


if . o, you make x="=,where- 
bre e, that is, iN 


a or — 2 24 2 2 * — 


Thirdly, , 


ent Equations 


Equation * M f- o, 


SE Ser EBERT 5 


ar Operation of this fort may defici- 
22 For writing the former 
W 


0 
1 
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=, that Is, 1 


1 12 
. where fore 
x2 _ X. X &z 


I _ I 
gz r therefore A NEN ,whenc 
by ſquaring each part it will be * =, + 
—2priei—2r i —2pt--1, which is a Biquadratic 
Equation which has all its Terms. The ſame 
thing may be perform'd ia others, and with other 
aſſum'd Powers of the unknown Quantity, though not 
with the ſame facility. © mung 


As if ** —qy | Foo, * „p wherefor 
Its, : and therefore rot .o. 
- hence It,, and by multiplying Cubicalh 
it will be 1-3 TN UN. R k 3:19 
Prob. 6. To expreſs a given Equation which in- 


volves irrational Quantities in pure rational ones, and 
that in the Terms of that unknown Quantity, 


© Suppoſe vbbx—v/dx-|-c=0. Suppoſe d 


Vd, whence comes the following Equation, 

—=0. Now here are two different un- 
knomn Quantities, - of which we are to- compoſe 
an Equation, which contains only the rationd 
Powers of x. To this end, take the two Valnes 
of the unknown Quantity x, which reſult from 


2 2 . x J3__z% | 
the Ketitious Equations, vi. . * 
7% 2113 SONTIVWNE 109 +2757 n 3 "= " | ö bg 


8 * 
563 


„ — — 


I 


se ©& ay 4 = 


ore 
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bbzz „bx [+ | = 5 4. £229 
5 WW oF =o, or „ I: 1—, — 


multiplying Cubically -er —e, 
and becauſe /dx=z, making a ſubſtitution it will 
be bbxz=dx Vdx—3dxc+3c4/dx—c,, that is, 
b--|-34xcT03. oi nts od nan 

p _ dx, and by taking the Squares on 
both ſides, it will be NN =dx x 
dx-\-3c*|*, the rational Equation which was to be 
found. | | . 


Schol. If an Equation be given which involves 
more irrational Terms, then alſo there will be 
more unknown Quantities of a different Name. 
But becauſe as many Equations will be given, as 
unknown Quantities, they may be thrown out by de- 

ees, and ſo (according to this Example) may 

had an Equation free from all Surd Quanti- 
ties, and expreſt alſo in the Terms of the un- 
known Quantity firſt given. 


Prob, 7. To give the Avalytical Reſolution of Cu- 
bie adfected Equations, that is to change them 
(hen it is poſſible) into ſomple Cubics. 


s | a di at - 

The ſecond Term of any Equation (and there- 
fore of any/Cubical) may be taken away, by whar 
went before, Therefore taking away the ſecond 
Term; proceed thus. Suppoſe v Y i o, and 
let-v==z—x;. which value being ſubſtitated, you- 
will have 3 —-3Zz EN EE reo, 
that is T3—x3— z Er. Makez3— 
* 29, „ and by conſequence 
: p= 
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px, or . and therefore ſince (by the 


Hypotheſis) -=, you will alſo have 42 
LE, or (reducing and ordering the Equa- 


2 


Root, there riſes 3=v/{#Fp3— which is « 
ſimple Cubic Equation. 


MES * 3 3 
Whenee e T7 „& 
( ben 
EMT 


v 2) = 

4 
7 N 1 SL r * 2 
r ds Very —— 
| 4 * 44% 5. 3 E 147 755. 


But if in the 
the found value 


tion) x*+qx3i— =, and extracting the Square | 


uation q=x23=—x3, you ſubſtitute 
x3, and extract the Cube Root, 


a 3 | | 4 
you will have NTT, and ſince we 
ſuppoſe v=z—-z, the yalue of æ being ſuhſtracted 
from thence, there we ſhall have the Expreſſion of 
the Root v according to the Rules of A | 
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j But the firſt way of expreſſing the Root is more 
ie i caſic and ſimple, for this reaſon, becanſe we need 
extract the Cube Root but once(which by the Rule 
of Cardan ſhould have been extracted twice) as will 
be plain toany one, who conſiders both the forms. 


1 If the 1 3 propos'd had been v3— 
re So, then by making v=x—:, would ariſe 37x 
p 


a =—P, n=, whence the Quantity 3 


would have a Negative Sign. And therefore 1 
being greater than 345, in that caſe the Expreſſion 
of x would be impoſlible; and conſequently. the 
tranſmutation of the propos d Equation, into a 
ſople Cubic, would be impoſlible. 

The ſame may be done another way, thus. Let 
there be given the Equation x3--3mmz—ni=o, 


and in the place of x write | throꝰ the whole 


A 

4 — I which means will be found 
— 2 Ht þ gum —” 2-0 C 

and reducing & -u - , or u=3w4- 
% u hich is a ſimple Cubic Equation and 
always poſſi ble. Wee” ; | 
The Equation remainiag, as before, if we ſup- 
poſe x= , will ariſe alſo a ſimple Cubic 


1 
Equation, and always poſſible. | 
But if the Equation be x%—=3mmx—1=0, then 


ſuppoſing ==, there will be produc'd an 


Equation, which will be poſſible only whea the 


Quantity . is not found greater than 2%, for 
otherwiſ, 


* - 
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wiſe the Root of a Negative Square would be to 

be extracted, from which it would be concluded 
that the tranſmutation of the given Equation in- 

to a ſimple Cubic one, would be altogether Im- 

poſſible. 


Prob. 9. To give the Solution of Biquadratic 
Equations, or to ſhew how they may be di- 
vided into two Quadratic adfected ones. 


As Cubic Equations, which are without the ſe- 
cond Term, may firſt be reducd to a Quadratic 
adfeted Equation, and then ſometimes to a 
ſimple Cubic; ſo likewiſe may Biquadratics, which 
alſo want the ſecond Term, by the means of a 
Cubic adfected Equation, be eaſily divided into 
two Quadratic adfected ones, and ſo their Roots 
may be found. | 

Let us take that Equation, which Cartes him - 
ſelf (Geom. B. 3. Pag. 79.) has made uſe of as an 
Example of this Rule, viz. XxX. pxx. gx. r=0; 
or by diſtinguiſhing it by Signs at Pleaſure, let 
'A —px —4x-+r=0. He ſays that in its place 
you may write the two Quadratic Equations xx. i 


rie, and xx— E 


r MM oP : 3 


o, that is, having found the value of the ! 
Quantity y, by the help of this Cubic Equation 


rr 
ert, ze, 


To 


you will have vr. 
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Io explain the foundation of this Rule, ima- 
gin two Quadratic adfected Equations, by the 
multiplication of which there may come-forth a 
Biquadratic Equation of the ſame form with that 
which is propos d. Let them be xx-|-yx-þ-;7=0, 
and xx—yJxX+r|-v=0, where the Term yx has the 

ſitire Sign in one Equation, but the Negative 
in the other, to the end that the Term yx* may 
be loſt in the Equation which reſults, becauſe x3 
is wanting in the given Equation. Moreover, 
the Quantities, y, L, and v are to be found ſe- 
verally, that is à and v in the Terms of , and 
known Quantities, and y (if ſo be it is poſſible) 
by the Cubic Equation aforeſaid. 


Now multipl. «x-þyx-|-z=0 
by cxx—yx4+V=0 
prod. x*-|-z — 
1 -|-vy KA . 
2 * 


Compare this with the given Equation æ 
—;x-r=0o, that is, let thoſe Terms be equal'd, 
ia which the ſame Powers of the Quantity x are 


found. Whence firſt, +—yy-|-v==—p, I 


WP; zh. - =, -* ==; 3. 


= 


Now from hence ta find x D 
you have * pf 
Y 
* r 2 and i reducing ; 2 
i +0 "63 | wy 
whence becauſe v= r r; you will have += 
I rT 7 
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DAD. So that 4 and i, 


2y wy | 05:3 p12 

are Ok and u -, and by conſe. 
2 

quence the Quadratic Equations, which we had 

at firſt form'd, will return to thoſe very Equa- 
non which Carte: bad deſcrib'd. 

But this is nothing, unleſs we. diſcover an 

ion at the ſame time to find out the value 

of the Quantity y. And to obtain ſuch a one, 

multiply the values of the Quantities v and z into 

one another, and make the Product equal to „, 

(becauſe by what has been ſaid e, it is 

vr) that is, 


e „„ nem An 


27 2y 
and the Equation being diſpos'd i in order, there 
will ariſe 


- yy—44=0, which is the very Cubic 


Equation which Cartes bad order'd ſhould be 
written. 

But adding an Exawple we thall illuſtrate this 
Inveſtigation in Numbers, that the Young Student 


may more clearly perceive the method of fo uſe- 
ful and pleaſant a Practiſe. 


Suppoſe x* — 17xx — 20x—6=0, to be the 
Equation propos'd. | 
The two ſeignu d Quadra-) xx-|-yx—2==0 
tic Equations Xx—yx+ V=0 


Equation reſultin 3 —— 


from the multiplica- 
tion of theſe 


2 


E Pg N E 


1 
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Compariſon ES 
the Terms of two Bi- 


quad. Equat. 


The two values o 
the Quantity v equaPd 
to one another 


The finding ont the 


Quantity + by the e ee 


values of v ay 


_ 


* 


Dr 
3 — 


The Quantity v found 
by & by either Equat. 


. 
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The Produt v e- JE! —29,1712--29 


qual d to —6, or —r,\ _ 2y 27 
and the Equation ati. s, . reducing and 
ſing from thence. changing the Signs, y— 


434) 3135 —400=0 | 


Having found the value of y by this Cubic 
Equation, viz. yy= 16, or y=4, the two Qua- 
dratics which were at firſt ſuppos'd are-thus de- 
termin'd, You-will have z'(=179y3-20= —8 

e ag 03 
=-) =—2, and therefore xx+yX—7 
O XxX Ax- T2. In like manner v (= 
Y—1719—20_8—-17- 7 2 3, and 


„ 


" — 


Tu OSgE JZ HA 3. 


Now the Roots R x*-|-q4x-þ2=0, 
are 2-2; & —2 iH, for thoſe being join'd | 
together with x, and multiply'd into one another 
will bring forth the Equation x'-}-4x-+-2=0. 
Likewiſe the Roots of the Equation xx— 4x—3 
o, are Y- & 222 ⏑ XIII 

Therefore theſe will be the four Roots of the gi- 
ven Equation xX —1 IX —20X—6= 0, ſince it is 
produc d by mukiplyiag x'-|-4x-] 2 by xx—4x—3- | 
And according to the Example of this Rule we 
are to proceed in other Caſes which may occur. 


_—— 
therefore xx 


Schol. (To the two proceeding Problems). When 
the Root of a Cubic Equation rransform'd, is poſ- | 
Alle, two of the Roots of the Equation firſt given, | 
ate impoſſible. Bur rbar being Impoſſible, all their 
three Roots of this Equation are P.ſſible, F = 


3 


greater than the greateſt Affirmatrve Root, 


4 
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if the Roots of the given Biquadratic Equation 
are poſſible, then three Roots of the Cubic Equa- 

tion (which is generated by the Method we have 
ſhewn) will be alſo poſſible, and therefore it can 
never be chang'd into a ſimple Cubic Equation, or 
its Root be obtain'd by ſuch a way, . 


Prob. 10. To aſſign the Limits within which the _ 
Roots of Algebraic Equations conſiſt; 


it will not be foreign to our purpoſe to pre- 
miſe this ſhort Obſervation before we eater up- 
on the Problem. | 


If the Terms of any Equation be. reſpectively | 
% by the Indices of the Power of the. noon 
Root, and this be done contmually, and « Quantity, 

ſubſe 
tuted in the place of the Root, as well in the Equation 
at in all theſe Products 1 7 „ that at laſt an Aſfir- 
mative Quantity will remain every where. | 


Suppoſe a Quadratic Equation affected with 
Sigas any how, 5 | 1 * 


XX—A þ —0 
i -|-b ' 5 


Multiply the ſeyeral Terms by the Exponents of 
the Powers of the Root x, after this manner, 


94 07 the Nature of Equations. 


"Now ſubſtitute a Quantity, as 44-1, which ex- 
ceeds the Affirmative Root 4, in the place of « 
thro the whole Equation, and the Product. And 
then it will be 24 2 44 — 4 bat b—ba= 
an Affirmative Quantity, and at the ſame time 
24]-2—4-|-b equal to an Affirmative Quantity. 


Suppoſe alſo the Cubic Equation 


If the Terms areamultiply'd by the Indices of the 
Powers of x, that is the Progreſſion 34 2. 
1. O0, there will ariſe 1 3 ran i ads . : 


| | | 
and the Terms of it being alſo muttiply'd into 
the Terms of the Progreſſion 2. 1. o. will arife ſe- 
condly 6x—24—2b-|-2c. Let 4 be ſuppos d the 
greateſt of all the Affirmative Roots; and writing 
#-|-1 for x through the whole Equation, and 
through the two Products ariſing from thence, you 
will fave Ny I 


. a nn fin 4. —4—64.—24—5 
* 3 . 


e an Affirmative Quantity, that is, throwing out 


the Members Which deſtroy one another, you will 
have „.li erer af re 
tive Quantity, is plain, ſince by the Hy- 

M potheſis 


SE RRQ a ?! o& 


being ſubſtituted in the place 
Root, makes all theſe * Afſirmative, will ne- 


the part of the Ar adve Roots. 


eK 
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potheſis . b, .*. acp be, 4 ba, therefore the 
whole Expreſtion i is Affirmative. 


2. In like manner, 34 I 
—2b-|- 264-|-2c-j-ab—ac—bc, or 4'-|-44-- E 
2b-|-2c-|-ac—5c= an Affirmative Quantity 


3. 64-4 6—24—2b—— 2c," that is, 4 2c 6 


| —.— an nat e's Quantity. 


80 that it is plain, that an Afermative Quan- 
tiry tt ariſe 8 here, as well in the Equa- 
aon it ſelf, as in 
manter preſerib . 

Whence, an the contrary, that 


atity which 
the ypknown 


ceſſarily exceed the greateſ® Aſſirmative Root. 

And the ſeaſt of all thoſe 
perform this, is one of the limits of the Equs- 
tion which were ſought, viz, it is the n 


And that which brings this to 
Signs are chang'd in the ornate 


all theſe: 2 is ue limit, or that which 
is on the part of the Negative Roots. 


Theſe things being Lap 4 a an 
Equation for an Example. 
* — 11 e * 
Mult. 3 2 I 0 
Prod. 3* - 


pa, when the 


or dividing by x, there is left 


T 4 3% 


Treat N after the 


atities which can 


ces through 


* 
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Sade 
Mult. 2 1 | 
Prod. 6xx—34x 


or dividing alſo by. x. 

Now we are to find out a Number which in 
all the Sums ( mark'd with an Aferich) bei 
written ia the place! of , may leave them 
Affirmative, that is, will cauſe: the Reſult to be 


Affirmative. And indeed by trying the Num- 
bers from 1 * 15 ic, in found 1 1 thing does 


not Taggeed. | 
Nor ail lee 1 put firs: 


15 

For it will b e 6x—34=84—34=4 50 

—.— 34x 54 = 588 476 + ron 
—173*|-$4*—350=2744—3332-756—350. 

=—182, whence becauſe this laſt comes out Ne. 

"Salle: therefore the limit is greater than 14. 


Write therefore 1 5 for *, and 1 it will be 


HWY} 56 2042-456, and 5750 
35 — 34% + $4 =675 % 54 15 


=” wh tw 


a 105005) 


F 
ö 
e- 
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xz — 17 + 54x —350 =. : 
3375 3825 + 810 350 = + 10, 


Wherefore ſince, . x=15, an Affirma- 
tive Number will ariſe in all the aforeſaid Sums, 
the Number 15 will be the limit Sought, that is, 
greater than the greateſt Affirmative Root. 


But we are to take notice, that tho? there ap- 
pear to be three Affirmative Roots in this 
tion, yet two of them are Impoſſible, and there- 
fore the Equation cannot be expounded but by 
one Root, and that an Aſſirmative one. 


— N * 
p 
# ＋ 
— — — — — es 
=_ — 
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Of the Nature of Problems in general, aud 
, their various Diſtiuctions. 


THe diftintion of Problems into Dererminate 
"| and Irdererminare, is in the firſt place to be 
conſider'd (as being the moſt Univerſal). * 

Of the former ſort are thoſe which admit of 
but one Solution, or a certain Determinate Num- 
ber of Solutions. 

Indeterminate Problems are thoſe which are ca- 
pable of an Indefinite Number of Solutions, which 
will anſwer all their Conditions. - 

Frequent Examples of ſuch occur both in Arith- 
metick and Geometry. 

As if an Integer Square Number were inquir'd, 
1 de divided without a Fraction, by 3, 
4 and 5. 4 
3 Or if a Rectangle Triangle be requird, whoſe 
three ſides are Rational, that is (compar'd with 
one another) as Number to Number. 4 

In Queſtions of this ſort, we may always ſup- 
ply the deficient determinations by Quantities ta- 
ken at Pleaſure in ſuch a manner as will beſt ſuit 
with the proceſs of the Work. But we muſt take 
care in aſſumptious not to go beyond the Bounds 
wich the nature of the Queſtion requires. A 
Queſtion (tho' inzetermin'd) may have condi 
tions which may reſtrain and confine it to cer: 


6 # 


rail limits. | We 
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We ought well to diſtinguiſh the Conditions 
which reſtrain only, from thoſe which fully and 
ibſolutely determine. 

Furthermore, it will be of Uſe to confider, that 
ſometimes the Solutions of theſe Qneſtions are ſo 
perfe& and general, as to comprehend all poſſible 
Cafes. But ſometimes more narrow and imper-" 
ft, for this reaſon, becauſe tho? they exhibit in- 
mmerable Anſwers, yet not all which can be ex- 
hibited, or perhaps not thoſe which are moſt to 
to the purpoſe. Wherefore we are to diſtinguiſh 
between a true Solution and a 2 one. 

But to deſcend from theſe general Things to 
others more particular and uſeful, we ſhall ex- 
plain the moſt common and noted Senſe of an Ig- 
determinate Problem among Geometricians. | 

In Geometry, an Indeterminate Problem is, when 
Point Sought, by which all the conditions of 
the Problem are fully ſatisfy d, may be indiffer- 
ently taken through a certain extenſion, of what- 
erer Dimenſions that extenſion be; whether a 
Line, a Superficies, or a Solid. Mi 

And this Extenſion , the ſeveral. Points of 
which being taken at Pleaſure, will ſo anſwer the 
conditions of the Problem, is commonly call'd a 
Place, and the Problems of that kind Local, that is, 
ſuch as relate to Places, 

A Place atiſes from the want of Matter or con- 
ditions in the Problem, hy which it comes to paſs 
that as many Equations are not ſupply'd, as there 
are requir'd unknown Quantities. As if (for Ex- 
znple.) we ſhootd ſuppoſe two unknown Qnanti- 
ties in any Problem, and having anſwer d all the 
Conditiors of it, there is Matter afforded only for 
the finding bur of om of them ; then one of _=_ un- 

| nown 


Fd * 
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known Quantities would be neceſſarily expreſt in 
the Terms of the other and given Cuantities, And 


ſo that unknown Quantity to which no Equation 


anſwers, may he taken at Pleaſure ; and ſo as ma- 
ny different values for the other unknown may be 
found out, as we imagine the other taken at Li- 
berty to have. And fince theſe values may be la- 
finite, there will be alſo an Llafnite Number of 
Points by which the conditions of the Problem 
may be accurately anſwer'd ; that is, for the So- 
lation of ſuch a Problem, there will come out a 
certain Extenſion, which Geometric:ans commonly 
call a Place. 

A Locus or Place in General is Three-fold, that 
is, Locus ad Lineam, ad Superficiem, & ad Solidum, 

Locus ad Lineam is, When the Point which fartis- 
ſies the Problem, is found in a Line, whether right 
or curve; and that by reaſon of the defect of one 
Condition only, which is wanting to render the 
Problem wholly determinate. 

Again, Locus ad Lineam may be Four-fold, Viz, 
_ Plane, mw. Sur-Solid, that is, more tha 
Soli 
A Simple Place, is when the Point which ſatis 
fies the Problem, is found in a Right Line. 

A Plane Place when the ſame is found in the 
cirtumſerenct of a Circle. 

Solid Place when it is found i ia any other Conic 
ſect ion beſides a Circle, viz. in an Ellipfis, Hyper; 
bola, or Parabola. 

A Surd-Solid Place, when in a curve of a ſupe- 
rior Gender, or more compounded than Conicſe&ion 
are. 

Some indeed reckon only a Plane, Solid and 
Sur-ſolid Place, comprehending under a Pla 

; ack 
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Place 2 right Line as well as the Circumſerence of 
4 Circle. But this difference is rather verbal than 
real, for doubtleſs a Plane-Place may be either 
extended to a igt Line, or reſtrain d to a Cir- 

cle only, without any miſtake or danger. 

Further, as to the Equations, by which theſe 
Places axe expreſt, where the Place is Simple there 
is neither any Produtt or Power of the unknown 
Quantities in the Equation above the firſt or ſimple 

For a Plane and Solid Place, there will always 
be found in the Equation either the Square of 
one of the unknown Quantities (as in the Para- 
hela) or the Squares of both (as in the Ellipſis, the 
Circle and Hyperbola) or perhaps only a Rectangie 
ender them (as it happens in Equations which be- 
long to the exterior Hyperbola) but in no Caſe (that 
Is,ajter reduction to the moſt ſimple Terms, which muſt 
always be underſtood ) will it be found beyond 
a Square, or (which is equivalent to a Square) a a 
Hane under the two unknown Quantities. 

When the Place is Sur-ſelid, the Products or 
powers of the unknown Quanrities will ariſe up 
to 3 or 4, to 5 or 6, to 7 or 8, &c. Dimenſions, 
according as the Line, which anſwers the Pro- 
blem, is either of the ſecond, third, fourth, Cr. 


« * 


bender. 


For we are to take notice, that Curve Lines 
are uſually diſtinguiſh'd into certain Genders, by 
Equations which expreſs the Relations which 
ther ſeveral Voims have to the Points of à right Line. 
$9 that when this Equation does not aſcend be- 
yoad two Dimenſions, the Curve, whoſe Nature 
is expreſt by it, is ſaid to be of the firſt Gender, 
hen it aſcends to 3 or 4, of the ſecond; when to 
5or 6, of the third, and ſo on ad infinuum. 80 
much concerning Locus a4 Line am. Le- 
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Locus ad Superficiem, is when there being two 
Conditions wanting to determine any Point which 
fatishes a Problem, that Point may be taken 
throughout the extenſion of ſome Superficies, viz, Ml | 
either Plane or Curve. . | 

But when three Conditions are wanting to the 
determination of the Point ſought, the Place in 
which it is found is a Solid; and which may be 
concluded either under Plane, or Curve, or midi 
Sxperficies, and thoſe either determin'd or indeſ - 
witely extended. | 

And hence it appears that Equations (to which 
Problems are brought where the Place is either 
in a Superſicies, or a Solid) ought to be Identical; 
that is, ſuch that having perform'd the Condi- 
tions, and duly reducd them, one and the ſame 
Quantity will be found on bath ſides of the Equation; 
and therefore that Queſtions of this nature are 

really Propoſitions or Theorems. 

For ſince when the Locus is in a Line one Con- 
dition ogly is wanting, from the Nature of the 
Equation reſulting one of the indeterminate 
Quaatities will neceſſarily enter the expreſſion of 
the other, that is, by the infinite Values of the 
one taken at pleaſure, you may aſſign as many 
to the other. But when two Conditions are want ⸗ 
ing (as in a Locus ad Superficiem) one of the un- 
known l is never to be expreſt in the 
Terms of the other: for otherwiſe one Conditios 
only would be wanting to render the Queſtion de- 

terminate, and ſo it would be not Locus ad Super- 
feciem, but ad Lineam. | 
Nor, in like manner, when three Conditions art 
wanting, will the expreſſion of one unknown 
Quantity be obtain'd in the Terms of the oil 

| j 
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for if t his could be brought to paſs, only two 
Conditions would be wanting, and then the Place 
would not be 4d Solidum, but ad Superficiem. It 
is neceſſary therefore, that the Terms in theſe 
Equations be ſo diſpos d, that the ſame Quanti 

( whatever it be) may be found at laſt an both fades 
of the Equation, and nothing beſides. 1 

Far every Equation is iuch, that an unknown 
Quantity may either be, or net be expreſt by it; 
and conſequently one of theſe will happen in the 
Equations for a Locus ad Superficiem, or ad Solidum. 

But it is againſt the nature of theſe Places, 
that one of the indeterminate Quantities ſhould 
be expreſs'd by another, becauſe in that caſe fe- 
er Conditions would be wanting, than the na- 
ture of them will ſuffer to be wanting. And 
therefore they are no way to be exprefsd by the 
Equations which reſult. For whatever is expreſt, 
it neceſſarily muſt be expreſt either by given or 
indeterminate Quantities z but given or determinate 
expreſſions are quite foreign to this  bulineſs. 
Therefore the Quantities will ſo utterly deſtray 
one another on both fides, that at laſt nothing 
will remain, except the ſame thing equal to itſelf. 

But we fhall illuſtrate all chelz thin by fit 
Examples, when we ſhall come to diſcourſe in 
another place at large, concerning the Invention 
and Conſtruct ion of Places, and ſome of their Uſes, 
which are not very common. 

Wherefore haying done with Indeterminate Pro- 
blems, we come now to ſee how many kinds of 
determinate Problems there are. | 

Now, Geometricians commonly divide them 
into four Claſſes, like the former, viz. into Sim- 
ple, Plane, Solid, Sur-ſolid or Linear, as ſome call 
them. That 
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That is a Simple Problem, in which, after an 
Equation has undergone the laſt Reductions, the 
unknown Quantity does mot aſcend beyond one Di- 
menſion; and therefore only right Lincs are neceſ- 
fary to the couſtruction of it. 

A Plane Problem is when ( an Equation being 
brought to the moſt ſimple Form) the unknown 
Quantity aſcends no higher than a Square or two 
Dimenſions; and the Conſtruction (that is, the 
Geometrical Solution) may be perform'd by making 
uſe of right Lines and Circles. 

But a Problem is Solid, when having finiſh'd 
the Reduction, the unknown Quantity aſcends to 
three or four Dimenſions, and therefore cannot be 
found, or the Equation conſtructed, but by making 
uſe of a Circle and ſome Conic- ſection. 

A Problem is Linear or Sur-ſolid, when the un- 
known Quantity ariſes to 5 or 6, 7 or 8, 9 or 10 
Dimenſions, Cc. the Equation not being to be 
reduced to lower Dimenſions; the Conſtruction 
of which (beſides a Circle) neceſſarily requires a 
Curve of the ſecond, third, fourth Gender, &c. 
Hence a ſimple Problem has but one Solution, a 
Plane not more than two, nor a Solid more than 
four, nor a Sur-ſolid, by the help of a Circle and 
a Curve-Line of the fecond Gender, &c. mere 
th in ſix. my ” he” 

For two right Lines cut one another only in one 
Point. A r:g#r Line and a Circle, in two only. A 
Circle and a Conic Section, in no more than four. 
Kor a Circle and a Curve of the ſecond Gender, in 
more than lix, Ec. 


And 


\nd 
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And from hence we come to the Conſtruction 


of ſolid Problems, which were added to this Book 


from Cartes Geometry, by that Excellent and 
every way Learned Mat he mat ician 


Mr. Edward Paget. 
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A general way of canſtruct ing all Solid 
Problems reduc d to an Equation of three 
ar faur Dimenſions. 


(From the Geometry of CAR T Es, B.III.p.85) 


Fter it is found that the Problem propos'd 
is Solid: whether the Equation, by which 
it is Sought, ariſes to the fourth Power; or no 
higher than the third: its Root, whatever it be, 
may be always found by ſome one of the three 
Conic Sections; or even by any little part of them, 
tho” never ſo (mall, and by making uſe of nothing 
but right Lines and Circles. But ia this place it 
will be ſufficient to bring a general Rule how to 
find all Roots by the help of a Parabola, ſince 
that in ſome meaſure is the moſt Simple. 

Firſt then we muſt take away the ſecond Term 
of the Equation propos'd, unleſs it be already 
wanting, and ſo the Equation is to be reduc'd to 
this form z'=*apz. aaq. if the unknown Quanti- 
ty has only three dimeaſions, or to this 
-2+=*%apzz aag7- wr, if it has only four dimer- 
ſions; or by taking « for unity, to theſe 

pe. K. TE 

Then by ſuppoſing the Parabola FAG to be al- 

ö ready deſcrib'd, and its axis to be ACDKL, and I (j 
its latus rettum 4 or 1, of which AC is the half, I di 
| and 
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and laſtly the point C tobe withia this Parabola 

- whoſe vertex is A. We are to make CD=4p, 
and to take i in the line AC, continued towards 

: C, if in the Equation you have , but towards 
id the other ſide if you have —p. Moreover from 
ee the Point D, or from the Point C, if the Quan» 


— 


a, 

P — 
q* | 

7 


* 


tity p be not in, by erecting DE=3 9, perpen- 
alf, Liar to the axis we ars to deſcribe the Circle 
and *U 2 | FG 
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FG from the center E, whoſe Semidiameter is 
AE, if the Equation be only Cubical, that is, if 
we have not the Quantity r. But if the Quanti- 
tyr be there, and affected with the Sign , we 
are farther in this Line AE, produc'd on both 
ſides, to take on one fide AR gr, and on the other 
ſide AS= the latus rectum of the Parabola, which 


is =1, and deſcribinga Circle, whoſe Diameter 


| 


8 RS, to erect AH perpendicular to AE, which 
will meet the Circle RHS in the Point H; which 
is the very Point through which the other Circle 
FHG ovght to paſs. But if its be —p, we are 
EPL >. 1 0 more 


is 
if 
1 
e 
h 
er 
h 
er 
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moreover in another Circle, whoſe Diameter is 
AE, to inſcribe Al AH found; and ſo the Point 
I will be found, through which the ficſt Cu, 
ſought FIG ought to paſs. 

Where we muſt know that this Circle FG may 
cut or touch the Parabola in t, 2, 3, or 4 Foints, 
from which if Perpendiculars be let fall to the 
Axis, we ſhall have all the Roots of the Equation 
as well grue as falſe. That is, if the Quaatity q 


— 


be aſſected with the Sign >, the true Roots will 
be thoſe perpendiculars which are found on the 
onefite ft _—_—— is E the Centre of "cir 
3 [- 
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Circle, as (ex. gr.) FL, and the others as GK, 
will be the falſe Roots. But on the contrary, if 
this Quantity 9 hath the Sign —, thoſe will be 
the true Roots which are on the other ſide, and 
the falſe, or thoſe which are leſs than nought, 
will be found on that ſide where the Centre of 
the Circle E is. And laſtly, If this Circle nei- 
ther cuts nor touches the Parabola in any Point, 
it is a Proof that the Equation admits of no Root 
either true or falſe, but only imaginary ones. So 
that this Rule is the moſt general and perfect of 
any that can be deſir'd. | 

The Demonſtration of which is very eaſie. For 
if the Line GK, which is found by this Conſtru- 
Aion, be called z, AK will be zz, by the nature 
of the Parabola in which GK ought to be a mean 
Proportional between AK and the latus rectum, 
which is 1. And then if you take away AC from 
AK, which is z, as alfo CD, which is $ p, there 
will remain DK, or EMzz—3p—;, whoſe Square 
is z'—pzz—zz-p-3rF4- And becauſe DZ, 
or KM is 24, the whole GM is A 2%, whoſe 
Square is --=, and theſe two Squares be- 
ing added, there will be z*—pzz-|-9z-|-449-|-4pp 
AE, for the Square of the Line GE, which 


is the Baſe of the Rectangle Triangle EMG. 


- 
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But becauſe this ſame Line GE is the Semidia- 

meter of the Circle FG, it may thus be explaig. 

ur ed in ** Terms. 1 * ED be 2h and 

AD5#p, +, EA wi 444 A by 
reaſon of the right Angle ADE. yy 0g | 

AH is nal between AS, which 

| | Is 


a mean .Proportio 
U4 
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is 1, and AR, which is r, it will be /r. And 
laſtly, by reaſon of the right Angle EAH, the 
Square of HE or EG, is 4944 + 4 pp +4p4- 4 +r: 
foxthat we have an Equation between this and 
the foregoing Expreſſion. It being the ſame as 
24 T- r. Whence conſequently it 
appears, that the found Line GK, which was 
called z, is the Root of this Equation. ©. E. D. 
And if you make uſe of this Calculus in all the 
other Caſes of this Rule, by changing the Signs 
I and —, as there ſhall be occaſion, by the 
ſame way we ſhall come at what is ſought ; ſo that 
there is no need to dwell any more upon it. 


: 
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If thergfore according to this Rule you would 
find two mean Proportionals between the Lines # 
and 4, every one knows, that by puttiug ⁊ for 


one, you will have as « to z, ſo to, and 
10 ſo that you will have an Equation between 


7 and = — and tee. "Had then having de 


| aa 

| feribd the Parabola FAG, together with the Seg- 
ment of its Axis AC, which is 24, that is, one 
half of the latus reum erect from the Point C the 
. CE, equal to 39, and from the 
Centre through A deſcribe the Circle AE, 
whence you will have FL and LA, the two means 
ſought. 

In like manner if we would divide the Angle 
NOP, or the Arch, or part of the Circle NQTP 
into three equal Parts; if we take NO=r. for 
the Radius of the Circle, and NPA for the 
Chord of the given Arch, and N= for the 
Chord or Subtenſe of the third part of that Arch, 
there will ariſe the Equation z'=23z—4q. For 
the Lines NQ, OQ, and OT, being drawn; if 
Qs be made parallel to TO, it is manifeſt, that 
as NO is to NQ, ſo is NQ to (R, and GR to * 
RS; ſo that when NO is Ly, and NQ is z, QR- 
will be zz, and RS will be S. And becauſe RS 
or z are the only hindrance why the Line NP, 
E is 3, is not treble the Line NQ, which is 

£, 08 will have 


oy 


22 32 — , or a=" 3& == 4- 
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And then having deſcrib'd the Parabola FAG, 
in which CA is equal to half of the principal 1 
ms rectum, if we take CD=4, and the perpen- 
dicular DE—=3q, the Circle FAgG deſcrib'd in 
the Centre E through A will cut this Parabala 
in three Points F, g, and G, not reckoning the 
Point A, which is its Vertex, which ſhews, that 
in this Equation there are three Roots, that is, 
the two GK and gk, which are true ones, and 
a third, viz. FL, which is a falſe one; and of 
theſe two true Roots, the leſſer gk is that which 
we are to take for NQ the Line ſought. For 
the other GK is equal to NV, viz. to the Chord 


— _R89 nr rf _Þ TY Yr rv r r ] r EU RT. 


COA Enimn NY It as 


"Cn P=XTa I}. % e777 


for adfected Cubical Equations. 115 

of the third part of the Arch NVP, which with 0 
the remaining Arch NQP makes up the whole 
Circle. But the falſe Root FL is equal to thoſe 
two QN and NY taken together, as may be ea- 
lily perceiv'd by the calculus. | | 

It wouid be ſuperfluous for me to iaſiſt in this 
place on any other Examples for the publick 
Benefit, ſince all Problems, which are only S- 
lid, may be ſo reduced, as to have no other oc- 
caſion for this Rule for the Conſtruction of em, 
than as far as it ſerves to find out the two mean 
Proportionals, or to divide an Angle into three 
equal parts. Which will be known, if we conſi- 
der, that the difficulty of them is always com 
hended under Equations, which riſe not beyond 
a Biquadrate ; and that all thoſe which do ariſe 
to a Biquadrate may be reduc'd to a Square, by 
the help of ſome others, which ariſe only to a 
Cabe; and laſtly, that their ſecond Term may 
be taken away. So that there is none of them 
which we cannot reduce to any of theſe three 
Forms. 


But if you have 2 = * — pz-1-4, the Rule (the 
Invention of which Cardan aſcribes to one Scipio 
Ferreus) teaches us that the Root is | & 
„57 wC—irbvint&r * 
But as alſo if you have T =*-pz-+9, and the 
Square of half the laſt Term be greater than the 
Cube of the third part of the known Quantity 


* 


* 
116 Queſtions and Examples 
of the laſt but one: the like Rule in a mafiner 
teaches ns that the Root is 
= C. EAC pt C. 47 %% — 5 
- Whence it appears, that all Problems, the dif- 
ficulty of which is reduc'd to an Equation of one 
of theſe two Forms, may always be conſtructed, 
ſo as to have no occaſion to make uſe of Conic 

Sections, unleſs it be to extract the Cubical Roots 

from certain given Quantities, that is, to find 
out two mean Proportionals between theſe Quan- 
tities and Uaity. | 
And then if you have zz= * -|-pz-j-q, and the 

Square of half the laſt Term be not greater than 
the Cube of the third part of the known Quanti- 
ty of the laſt Term but one ; by ſuppoſing a Cir- 
cle NQPV, whoſe Semidiameter NO is Y, that 
is, a mean Proportional between the third part 
of the given Quantity p and Unity ; and then by 
ſuppoſing the Line NP to be infcrib'd in this Cir- 


cle, which is 27, that is, which is to the other 


given 8 q, as Unity is to the third part 
of p; only each Arch NP, NV is to be divi- 
ded into three equal parts, and NQ, the Sub- 
tenſe of the third part of one of the Arches, to- 
gether with NV the Subtenſe of the third part of 
the other Arch, will be equal to the Root ſought. 


;ſt- 


Rule would be 


for adfected Cabical Equations, 11 7 


Laſtly, if there be “ -|-pz—q, by ſuppoſing 
again the Circle NQPV, whoſe Radius NO is 4p, 
34 


and in which NP being written is=, it will be 


N ſubtending the third part of the Arch NQP, | 
together with the Roots ſought; and NV ſub- 
_ tending the third part of the Arch NVP, the 


other Root. At leaſt if the Square of half the 
laſt Term exceed not the Cube of a third part of 


the known Quantity of the laſt Term but one. 
For if it ſhould be greater, the Line N could 


not be inſcrib'd in this Circle, becauſe it would 
be greater than its Diameter. Which vo thing 
would ſhew that the two Roots of this Equation 


are merely imaginary, and that there is no real, 


one, but a falſe one, which, according to Cardar's' 


ve Ve e 
ut 
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But we muſt obſerve, that this way of expreſ- 
ſiag the value of Roots by the relation which they 
have to the Sides of certain Cubes, whoſe Con- 
tents only are known, is by no means more intel- 
ligible, nor more ſimple, than if they were ex- 
preſ3'd by the Relation which they have to the 
Subtenſe of certain Arches, or parts of a Circle, 
the triple of which is given. So that all thoſe 
Roots of Cubic Equations, which cannot be ex- 
preſs'd by Cardar's Rules, may be expreſs'd as 
clearly, nay, and more clearly, by the manner 
here propos d. 

For if, for example, we think to find the Root 
of this Equation z'=* -|-pz-|-q ; becauſe we know 
that it is compounded of two Lines; one of which 
is the Side of the Cube, whoſe Content is the 
Sum which is compoſed of 34, and of the Side of 
the Square, whoſe Content is $44—3z:f'; and 
the Side of the other Cube, whoſe Content 

is the difference which is between 34, and the fide 
ok the Square, whoſe Content is 74—z>p*, (all 
which is the ſame that we learn from Cardev's 
Rule). There is no doubt but the Root of this 
2= *-|-pz—q may be known as diſtintly, nay, 
and more diſtinctly, if we conſider it as inſcribed 
in a Circle, whoſe Semi-diameter is //, in which 
it ſtands for the Subtenſe of an Arch, the Sub- 


tenſe of whoſe triple is 2T Moreover, theſe 


Terms are nothing nigh fo intricate as the for- 
mer, and which will be readred much more ſhort 
if we make uſe of ſome peculiar Marks to expreſs 
theſe Subtenſes, as is done by the Mark / C to 
expreſs a Cubical Root. N 


Aud. 
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And fo moch concerning the Method of — 
as it is ſet down in the Authors own Words by 


Mr. Paget, the late Learned Maſter of the Roy- 
al Mathematical School. * 


But this Rule for can ſtruct ing ſolid Problems, might 
come into the Author's Head from two Conſide- 
rations, the one Algebraical, the other taken from 

For if the Circle cuts 4 Parabola in four Points, 
and you let fall Perpendiculars from the Inter- 
ſections to the Axis: the Sum of them on one 
ſide of the Axis will be equal to the Sum of the 
Remainder, which are on the other ſide of the 
Axis. And if by chance the Circle touch the pa- 
rabola, then the double oxdinate from the point of 
Contact, will be equal to the other two talen to- 
oether. And the famous Geometrician De la 


in his 5th Book of Conic Sections demonſtrates, 


that this Property belongs not only to the Para- 
bola, but alſo to Elipſes and Hyperbolas, which are 
inter ſected by a Circle or other Sections. 

Now having well- conſidered this Pro of 
the Parabola, it followed from thence, that if the 
Negative and Affirmative Roots of any Equation 
ſhould deſtroy one another, or if the Sum of the 
Negative- Roots were equal to the Sum of the 
Affirmative (that is, f the ſecond Term of the Equasion 
were taken away) then the Roots of that-Equatian 
might be accurately explained by ſuch Perpendi- 
culars, let down from the laterſeQtions to the Aru 

| ot 
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of the Parabola: ſo that nothing more would re- 
main to finiſh the Rule for Conſtruction, but to diſ- 
cover the Poſition and Magnitude of a Circle which 
ſhould ſo cut the Parabola, that the Ordinates 
drawn from the Iaterſections, ſhould expreſs the 
Roots of the given Equation. 4: 391 "3h 
But this Circle would be known both by Poſf- 
tion and Magnitude, if its Center, and alſo the 
Magnitude of the Radius were given by Poſiti- 
on ; that is, if it could be found, by what Ra- 
dius, and at what diſtance from the Axis of the 
Parabola we ought to deſcribe it. 

To this end we are to conſider the Lines, 
AD, DE, EH, El, as wholly unknown, and the 
Values of them are to be found in the known 
Terms of the given Equation. 


(as before), | . nod 
then youll have AK , DK = EM= — 


MG==z-|-y, and by conſequence EGs (= EM. 
24 2XZZ | 


+ MG=———=-xx-|-19+29-+z2(= EH") 
Su, by reducing and ordering the Equation 


. - 
AN -Faavy 


— 4 3x 248); n_ Iz 
Sy 
Compare this with any given Equation ( ver. 


2, 


to the Rectangle 4 ;/ thats to ſay, in the pro- 
duced Line AZ we ought to dale on une tide, 


ar, and therefore the Square of the Radius ſought 
1 pn 
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re, nd by comparing the 
homologous Terms the followin? Sos goes will 
arlfe, viz. 1. zar ap, . x=244-4p, 

. 

3. nrg n eee 
Y, and ſubſtituting the found Values of x and y, 
you will have vντ. e -e 

Now hence it is plain, that inſtead of the Line 
AD we are to take in the Axis of the Parabola, 
24 +», or half the Latus Rectum, together with 
half of the known Quantity of the third Term 
of the Equation, as being in this place adfected 


? 


with a politiye Sign. Beſides, the length of DE 


(which determines the Center) is to be taken 
equal to balf of the known Quantity of the 
fourth Term. een em an 

Laſtly, the Radius EH or v ought to be ſuch, 
that the Square of it may be equal to the Square 
of the Line AE (=444-1-34p-\pp1-444) toge- 
ther with a certaia Square which ſhall be equal 


from the point A, the length of -, and on the 


otder fie the length of the  Latus Rectum @ or 1, 
and making the Line SR 


| aded of both, 
the Diameter of the Semicircle, from the ſoreſtid 
Point A we are to ereck a udiculat AH to 
the Semicircle, which Line AH will therefore be 


a mean Proportional between the two Segments 
of the Diameter, and therefore its Square will 


be equal to the Rectangle , whence che Line BH 
gives the Magnitude of che Radius ſought. 

But if the Quantity v had been adfected with a 
negative Sign, then we had found vv=xx-pyj— 


equal 
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equal to the difference of the res of the Lines 
AB and AH. ”" "0 

From whence we learn, that the former Con- 
ſtruQion ſtanding, and a Semicircle being deſcri- 
bed on the Diameter AE, we ought to ſet off 
upon it the Line Al equal to AH, and then to 
deſcribe a Circle from the Center E ( as before) 
with the Radius El. 
lf the Quantity r be imagin'd equal to bought, 
or to be — 1 wanting, then the Equation 
will be turn'd into a Cubic one, and conſequent- 
ly the conſtruction of it is v eaſily deduc d. 
— ſe Sr, 15 22 ab dhe gh the 
con nce rcle © to through t 
Vertex A of the Pbole i 

And theſe are the things which in Certess Me- 
.thod, are requir d to the Conſtruction af eben 
Problems. 


” 
” 
* 
2 — — aA, i "0 PR . F —_ 
—_— 


No hence follows another Method of Con- 
4 Problems of this kind, in which the 
perpendiculars let fall from the InterſeQions 
of the Circle and the Parabola, are not related to 
the Axis it ſelf, but to ſome Diameter (which is 
Parallel to the Axis from the 1 of a Parabola) 
For ſuppoſe the Equation & * 2275 N 
=o, to Conſtruct bak in Cartes s, manner, tak 
- away the . — that is to ſay, by ſuppoſi 18 


T 4 —4+f, which being every where 
| — for a for a Xx, — ariſes * ** 
| 227 T4 Hel 1 


DD e 
— 1 ＋ 27 Jö 4 «9p Ar. zI7 
- -r . 
| 4 


of the fa 


for adfetted Cubitel Equations. 123 
Ra, taking away the contradiftory Terms, 


Therefore Cartes Vertical Line AD conſiſts of 
AC or 3, and the Quantity — 6 f which is 
2 be plac d downwards from the Poĩat C; and 


r DEA A to be ta- 
kenon the "right Hand rom te eine rr 


Pet 10 Lide be drawn which touches the Parabola 
in the Yertex A, and on it be taken the diſtance 
4p to the right ſide of the Axis, and thro” the 
end of it be drawn Line parallel to the Axw, 


the exterior part of the „ VIZ. that inter- 
cepted between the Curve and its vertical Tan- 
gent, will = being the abſciſs anſweriug 


as 
to the ordinate A 50 Wherefore the Segment of 
the Diameter £24 lies between the Curve and 
the Line DE produc'd, will be equal to AD—?7; 
Aer HH —p= 31-7: which is the Rule 
mous Mr. Baker, for determining his 
vertical Line, for this Form of rhe Equation. | 
Laſtly, Becauſe DE= -F therefore 
the diſtance between the Point and the Di- 
ameter aforeſaid is neceffarily equal to 4 eee 
A which likewiſe is Lee rennslelns 
' Formule for finding out his 1rav/verſe 


Line r is Perpendicular $0, the Dia- 
meter. 
W ON X 2 And 
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And from theſe two his Central Rule is form'd, 
or his Rule for finding the place. of the Center, 
whence a Circle being deſcrib'd, paſſing through 
the Vertex of the Diameter in Cubic Equations, 
but in Biquadratics through the Point diſcover'd 
the ſame way as before, will cyt the Parabola in 
as many Points, as the Equation hath real 
* Roots. ' 


mn * A — 7 
4 : F < o 4 „ . * bu 
R - =_ FI * * * 4 = A ah a _— — 


To this we may add the following Inueſtigation 
of the ſaid Rule of Mr. Baker, which proceeds 
much after the ſame maager with that which weat 
before of Des Cartes: Only the Reader is defir'd. 
to ſupply, the Figure proper on this occalion ; 
Which is ſo very little different from the; others 
before taken from + Des Cartes, that the drawing 
of it can be no trouble at all to thoſe who, have 
before ſeen the way of the ſe Conſtructions; aud 
as for others who have not, it may eaſily be ſup- 
ply d for them. ie ee 13's 
. However, to make all as caſie-as poſſible, with- 
out drawing a Figure, 3uppole the Equation to 
be this, , S hu O, and let the 
Vertex of the Parabola be imagin'd to be 4, the 
Axis a, the vertical Tangent E, the Diameter 
us di for the Coaſt ruction EAPO, which cuts 
the Curve in A. (the Vertex belonging to that 
Diameter) the Lines determining the Centre of 
the Circle ſought, AD and DH, of which AD is 
a Segment of the Diameter, and DH at 5. 
Angles therete, ſo that H is the. Centte. Let 
thx rye: Th 3) 1728 rw * to 
e equall repreſent a 91 
: of whic 745 
| 15 
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is common to the Circle and the Parabola, ſo 


that NO let fall perpendicular from that * 
N to the Diameter EADO, may expreſs the 


Root . Laſtly, Let NO be conceiv'd to be 
duc'd till it cuts the Axis in Y, and a Line 
the Centre H to be let fall upon the ordinate 


NY produc'd, which Perpendicular ( ſappoſe ) 
meets it in the Poiat B. So that from what hs 
been ſupposd, we have theſe Lines equal one to 
the K viz, 4E=YO, EO=4Y,; HB DO. 
Put E=, AD=x, =, Hl, ON=z, 
Parameter =a=1, BN 5 . 


Therefore VNN, EA="> i= = EO = 
T a : DO= | 


"©. 
teat = BB. * | 
8 1 


. fame Cle 
125 * this ee 521 ＋ 
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* 
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bee —24x 1 * * 


4 


«re this with the Equation OT then 


1. 4b=p, or bz, which is the diſtance of 
the Diameter ſought from the * 2 in d the 
vertical Tangent. J 3 : 


2. gb 24x 44= mm | and ſubſitating the Va- 
luc of b already: 9 have 1 | 


3. 


. - 


_— - Queſtions aud Exemples 
. 284)—qhax==r, or y= alan and ſub- 
Kituting the Values of x and b found before, we 
have = 7 +3Þ+F3p9—3: | 

4. 4AXX =, Or VU==Xx 6 
or (ſince «= unity) vv=xx-y—s : From 


whence Cartess Rule alſo for the Radius of 
Circle is evident. 5 


And thus may Mr. Baker's Central Rule for an 
poſſible Equation be inveſtigated. 


The Reader is deſired to refer what follows, to the 
Places taken notice of before in the Appendix. 
At * 4 40. Line 13. after the words ro find, 
thus. 
Or from the Equation which reſults, you may, 
after another manner, find out the Expreſſion of 
the Quantity y in the Terms of v, but by a Series 
(tho only one, yct) much more compounded 
and perplex'd. 1 
At Pag. 42. Line the laſt, after theſe Words, 
whence 4 way is open d, add what follows; But 
two ways alſo of expreſſing the Quantity 4 by v, 
and 1 known Quantities may be thus otherwiſe 


* mn , 

- | Becauſe Y =15o*, * ie, | 

whence you have y by a Series of the Powers of v. 
N Ne ; —  — 

- Again, i = i,. 19 = Nan 

thence is found another Series for J. Which _ 
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Series being made equal to one another, you have 
an Equation for v. 2 * 
But | had rather make uſe of ove General Rule 
in all Caſes, and therefore always 
Aethod for extratting the Root from an infinite | 
tion, tho' in the Caſe brought it may be per- 
formed without it, and by means of only a N. 
nomi al Theorem. 4 | | 

But we will joyn another to what 
went before, by which the uſe of Methods 
will more clearly appear, in ſeparating and ex- 
preſſing unknown Quantities. 


be. Lese, Kc. &c- 
4 — "iy, &c.= NAA c- 
_—_ - x--ox*-|px1,&c.=qu-|rv/-þ- c. . 
ly nur, =62-|-dz | 7c 


* 
For in the firſt Equation, by help of the /«- 


finitonomial Theorem (which is alſo owing to the 


afore-cited Mr. de Moivre ) the Infinite Series 
dy- ey Ay, Cc. is elevated to the Power u. 

And thence by the other Theorem ( for ex- 
tracting a Root from an Infinite Equation) you 
have ⁊ in an Infinite Series of the Powers of . 

Again in the very ſame manner, by the fourth 
Equation , &c. =72z A D, &c. 
is expreſs'd in the Terms of -. 

Therefore ſince you have ⁊ expreſs'd by two 
lafinite Series, viz. of the Powers y and v, you'll 
alſo have y in the Terms of v. ” 
In like manner by the 24 Eq. r c. = 
ks-|-lx*-|-mx', &c.Y,x is expreſs d in , and by the 
3d, Equat, nx-þox --px*,&c. _ qu+ro-| fo 
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